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Ph.D. Thesis
SUMMARY

STATIC, DYNAMIC, AND STABILITY ANALYSIS OF FUNCTIONALLY GRADED
SANDWICH BEAMS WITH POROUS CORE RESTING ON ELASTIC FOUNDATION

Ibrahim ALI MOHAMED

Karadeniz Technical University
The Graduate School of Natural and Applied Sciences
Civil Engineering, Graduate Program
Supervisor: Prof. Dr. Volkan KAHYA
2025, 142 Pages

This thesis presents a comprehensive study of static, dynamic, and stability analyses
of functionally graded sandwich beams (FGSBs) with porous core resting on a Winkler-
Pasternak elastic foundation. The research focuses on the free vibration, buckling, and
bending characteristics of FGSBs with three different core configurations: porous ceramic
core, metallic core, and functionally graded (FG) porous core. A power-law distribution is
used to model the gradual variation of material properties across the thickness, considering
three distinct porosity patterns: uniform, symmetric, and asymmetric. A general theoretical
formulation is derived from a quasi-3D deformation theory. The governing equations of
motion are obtained using Hamilton’s principle and Lagrange's equations. Analytical
models, formulated using the Navier and Ritz methods, are complemented by a novel
three-node higher-order finite element model. Additionally, a novel FGSB modeling
technique is presented using Ansys Mechanical APDL. The accuracy and efficiency of
these quasi-3D models are demonstrated and validated through comparisons with existing
literature. The study explores the effects of material property homogenization schemes,
transverse normal deformation, boundary conditions, structural configurations, porosity
characteristics, and foundation parameters on natural frequency, critical buckling, bending,
and stress responses. The findings reveal that the introduction of porosity into the core of
FGSBs significantly influences their mechanical behavior, with symmetric porosity

configurations resulting in superior performance.

Keywords: FG sandwich beams; Quasi-3D theory; Porosity; Elastic foundation; Statics;
Free vibration; Buckling; Navier’s method; Ritz method; Finite element
method; Ansys
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Doktora Tezi
OZET

ELASTIK TEMEL UZERINE OTURAN GOZENEKLI CEKIRDEKLI FONKSIYONEL
DERECELENDIRILMIS SANDVIC KIRISLERIN STATIK, DINAMIK VE STABILITE
ANALIZI

Ibrahim ALI MOHAMED

Karadeniz Teknik Universitesi
‘ Fen Bilimleri Enstitiisii
Insaat Miihendisligi Anabilim Dali
Danisman: Prof. Dr. Volkan KAHYA
2025, 142 Sayfa

Bu tez, Winkler-Pasternak elastik zemin iizerine otuiran ve gozenekli ¢ekirdege sahip
fonksiyonel derecelendirilmis (FD) sandvig kiriglerin statik, dinamik ve stabilite analizine
iligkin kapsamli bir ¢alisma sunmaktadir. Arastirma, kirisin serbest titresim, burkulma ve
egilme Ozelliklerini inceleyerek, ii¢ farkli g¢ekirdek yapilandirmasi (gozenekli seramik
cekirdek, metal ¢ekirdek ve FD gozenekli ¢ekirdek) igin bu davraniglari etkileyen temel
parametrelerin anlasilmasini saglamayr amaglamaktadir. Malzeme 6zelliklerinin yiikseklik
boyunca kademeli degisiminin modellemesinde kuvvet yasasi dagilimi kullanilmis olup, {i¢
farkli gézeneklilik deseni (uniform, simetrik ve asimetrik) dikkate alinmistir. Yer degistirme
alan1 hem enine kayma hem de normal deformasyonlarini goz 6niinde bulundurmaktadir.
Hareket denklemleri, Hamilton prensibi ve Lagrange denklemleri kullanilarak tiiretilmistir.
Navier ve Ritz yontemleriyle formiile edilen analitik modeller, yenilik¢i ti¢ diigiimlii yliksek
mertebeden sonlu eleman modeli ile desteklenmistir. Ayrica, Ansys Mechanical APDL
kullanilarak yeni bir FD sandvi¢ kiris modelleme teknigi sunulmustur. Dogrulugu ve
etkinligi mevcut literatiirle yapilan karsilastirmalarla gosterilmis ve dogrulanmistir. Calisma,
malzeme Ozelliklerinin homojenlestirilmesi yaklasimlari, enine normal deformasyon, sinir
kosullari, yapisal konfigiirasyonlar, gozeneklilik ozellikleri ve diger temel parametrelerin
dogal frekans, kritik burkulma yiikii ve statik yer degistirme ve gerilmeler iizerindeki
etkilerini aragtirmaktadir. Bulgular, FD sandvig kiris ¢ekirdegine gozeneklilik eklenmesinin

mekanik davranis1 6nemli dl¢iide etkiledigini.

Anahtar Kelimeler: FD sandvig kiris; Yar1-3D teori; Gozeneklilik; Elastik zemin; Statik
analiz; Serbest titresim; Burkulma; Navier yontem; Ritz yontem;
Sonlu eleman yontem; Ansys

VIII



Figure 1.
Figure 2.

Figure 3.

Figure 4.
Figure 5.
Figure 6.

Figure 7.
Figure 8.
Figure 9.

Figure 10.

Figure 11.

Figure 12.

Figure 13.

Figure 14.

Figure 15.

Figure 16.

Figure 17.

LIST OF FIGURES

Page No
FG sandwich beams 1ayout ............coooieeiiiieiiieeieeceeeeeee e 10
Volume fraction distribution in Type A beams with respect to power-
10116 1o OO TSUPRPSU PR 12
Variation in Young’s modulus of Type A beams through the thickness by
EXPONENLIAL JAW ..oeiiiiiiiiiie e e 14
Volume fraction variation of Type A beams by sigmoid law ............ccceurennnee. 15
Porosity distribution Patterns ...........c.eeveerieeiiienie e 17
Schematic of elastic foundation models: (a) Winkler, (b) Pasternak, and
(C) KBTI 1ttt ettt et e e st e e e aba e e s abeeesaeesnsaeeeabaeeenseeennnaeenes 25
Schematic of FGSBs with porous core on elastic foundation.................c.......... 29
Three-node beam element.............coceeiiiiiiiiiiiiiiiee e 39
The meshing of an example beam in Ansys using APDL property ................... 43

Effect of skin-core-skin thickness ratios on fundamental natural
frequencies Of FGSBS (L/A =5) c.uoeoiiiieieieeeeeee e 49

Effect of skin-core-skin thickness ratios on critical buckling loads of
FGSBS (LR =5) ettt 49

Porosity coefficient effect on fundamental frequencies of SS beams under
arious porosity distributions and elastic foundations (1-2-1, L/h =10, p
S ettt bbbttt bbbt bt bt n ettt nb et nbes 62

Porosity coefficient effect on critical buckling loads of SS beams under
various porosity distributions and elastic foundations (1-2-1, L/h = 10, p

Effect of power index on fundamental natural frequencies in CC beams
across various porosity distributions (1-2-1, L/h = 15, e, =0.5, K, = 50,

Effect of power index on critical buckling loads in CC beams across
various porosity distributions (1-2-1, L/h = 15, ¢, = 0.5, K,, = 50, K, =

Effect of length-to-thickness ratio on fundamental natural frequencies in
CC Beams across various porosity distributions (1-2-1, e, = 0.5, K, = K,,
T 10, D = 1) et 67

Effect of length-to-thickness ratio on critical buckling loads in CC beams
across various porosity distributions (1-2-1, ey = 0.5, K, = K, = 10, p =
L) e et 67

IX



Figure 18.

Figure 19.

Figure 20.

Figure 21.

Figure 22.

Figure 23.

Figure 24.

Figure 25.

Figure 26.

Figure 27.

Figure 28.

Figure 29.

Figure 30.

Figure 31.

Figure 32.

Figure 33.

Effect of Winkler and Pasternak foundation on fundamental frequencies of
Type A beam with different BCs and porosity distributions (1-2-1, e, =
0.5, LR = 5, D =5) et 68

Effect of Winkler and Pasternak foundation on the critical buckling loads
of Type A beams with different BCs and porosity distributions (1-2-1, e, =

0.5, L/R = 5, D =5 e 68
Porosity coefficient influence on fundamental frequencies of SS beams
under various elastic foundations (1-2-1, L/A=10,p =5).cccceeeevvercreiiennnns 78

Porosity coefficient influence on critical buckling loads of SS beams
under various elastic foundations (1-2-1, L/A=10,p =5) cccceeeveviencierenens 78

Effect of power index on fundamental natural frequencies in CC beams
across different porosity distributions (1-2-1, L/h =15, e, = 0.8, K, = 25,

Effect of power index on critical buckling loads in CC beams across
different porosity distributions (1-2-1, L/h = 15, 5 = 0.8, K,, = 25, K, =

Effect of length-to-thickness ratio on fundamental natural frequencies in
CC beams across different porosity distributions(1-2-1, eq = 0.8, K, = K,
el LU 72 O T TSR 87

Effect of length-to-thickness ratio on critical buckling loads in CC beams
across different porosity distributions (1-2-1, ¢, = 0.8, K, = K, = 10, p =

Effect of Winkler and Pasternak foundation on fundamental frequencies of
Type C beams with different BCs and porosity distributions (1-2-1, L/h =
5,e90=0.8,p=5)under K, and Kp.......ccceoviriimiriiiiiiiiiiiic 90

Effect of Winkler and Pasternak foundation on the critical buckling loads
of Type C beams with different BCs and porosity distributions (1-2-1, L/h

=35,60=0.8,p=5)under K, and K, .......ccevevrriiiiiiiiiiiiiii 91
Porosity coefficient effect on the maximum vertical displacement of Type
Abeams (1-2-1, L/h=10,p =2, K, =100, K;, = 10) cocoovrveriiiiiie 102
Porosity coefficient effect on the maximum vertical displacement of Type
C beams (1-2-1, L/h=10,p =2, K, = 100, Ky, = 10) c.ooevrviiiiiiiiiiiiiiiiiiinns 102
The distribution of stresses along z/h of SS Type A beam with various
porosity distributions (1-2-1, L/h =10, p = 2, K,,, = 100, K, = 10)................. 104

The distribution of stresses along z/h of SS Type B beam with various
porosity distributions (1-2-1, L/h =10, p = 2, K, = 100, K, = 10) ................ 106

Effect of length-to-thickness ratio on maximum vertical displacement in
CF beams across different porosity distributions (1-2-1, e; = 0.8, K, =
100, Kp = 25,0 = 5) e 109

Effect of K,, and K}, maximum vertical displacement of Type A beam with
different BCs and porosity distributions (1-2-1, L/h=5,p =15, e5 = 0.8) ...... 112

X



Figure 34.

Figure 35.

Figure 36.

Figure 37.
Figure 38.
Figure 39.

Figure 40.
Figure 41.

Figure 42.

Figure 43.

Effect of K,, and K, stresses distribution along z/h of SS Type A beam
with UD (1-2-1, L/h=5,p =5, €05 = 0.8) eeueeeeeieteeeeee e

Effect of K,, and K, stresses distribution along z/h of SS Type A beams
with SD (1-2-1, L/h =5, 0 =5, €5 = 0.8).eeruereerieieieeeeeee et

Effect of K,, and K, stresses distribution along z/h of SS Type A beams
with ASD (1-2-1, L/h=5,0=5,€0 = 0.8) eereerierteerieeeeeeeeee e

Maximum displacement of beams with power-index (1-2-1, L/h = 10)..........
Critical buckling load of CF beam with power-index (1-2-1, L/h = 10).........

Fundamental natural frequencies of beams with power-index (1-2-1, L/h
et L0 ) OO OSSOSO

Stresses distribution along z/h of CF beams (1-2-1, L/h=10,p =5) ...........

Porosity coefficient effect on the maximum vertical displacement of
beams with various porosity distributions (1-2-1, L/h =20, p =5)................

Porosity coefficient effect on critical buckling loads of CF beam with
various porosity distributions (1-2-1, L/A=20,p =5) cecccevveriiiiiieeereeee.

Porosity coefficient effect on fundamental natural frequencies of beams
with various porosity distributions (1-2-1, L/h=20,p =5) cceccceeviveceenrenen.

XI



Table 1.
Table 2.
Table 3.
Table 4.
Table 5.
Table 6.
Table 7.
Table 8.
Table 9.

Table 10.
Table 11.
Table 12.
Table 13.
Table 14.
Table 15.

Table 16.

Table 17.

Table 18.

Table 19.

Table 20.

Table 21.

Table 22.

Table 23.

LIST OF TABLES

Page No
Shear shape functions used in various HSDTS.........cccccovevciieniieeniieeeeeeeiee e 18
Ritz method shape functions for various BCs..........ccccceevieiiieniiiniienieeieeee 36
Nondimensional fundamental natural frequencies of Type A beams................. 47
Nondimensional fundamental natural frequencies of Type B beams................ 47
Nondimensional critical buckling loads of Type A beams..........c.cccecvvrennennnee. 48
Nondimensional critical buckling loads of Type B beams..........ccccccvveeveennnnnen. 48
Convergence study of fundamental natural frequencies of the beams............... 50

Convergence study of nondimensional critical buckling loads of the beams .... 51

Fundamental natural frequencies of Type Abeams ..........cccceeevienieiiiieninenenne. 52
Fundamental natural frequencies of Type C beams ..........cccceevveeeieeriienveeneenne. 53
Critical buckling loads of Type A beams .........cccceecveeiiiiiieiiiieiienieeeeee e 54
Critical buckling loads of Type C beams .........cccccecvieviiriiieniiieciienieeieeeee e 55
Comparison of first three natural frequencies in Type A beams ........................ 55
Comparison of first three natural frequencies in Type C beams........................ 56

Fundamental natural frequencies variation in the Type A beam with
different BCs, porosity distributions, and elastic foundation (1-2-1,p =2)...... 58

Fundamental natural frequencies variation in the Type C beam with different
BCs, porosity distributions, and elastic foundation (1-2-1,p =2)......cccceevenneee. 59

Critical buckling loads variation in the Type A beam with different BCs,
porosity distributions, and elastic foundation (1-2-1,p =2) ...cccevvieiieniienenne. 60

Critical buckling loads variation in the Type C beam with different BCs,
porosity distributions, and elastic foundation (1-2-1,p =2) ..cccceevieriirniennnnnne .61

Fundamental natural frequencies variation of the beams with different skin-
core-skin thickness ratio, BCs, and porosity distributions (L/h= 5,p = 5,
Ky =25, Kp=10) oo 64

Critical buckling loads variation of the beams with different skin-core-skin
thickness ratio, BCs, and porosity distributions (L/h= 5,p = 5, K,,=25,

Kp=10) o 65
Effect of foundation parameters on fundamental frequencies of FGSBs (1-2-
LL/h=5,0 =5, €0 = 0.5) et 69
Effect of foundation parameters on critical buckling loads of FGSBs (1-2-
LL/h=5,0 =5, €0 = 0.5) ot 70

Convergence study of fundamental natural frequencies of the beams (p =5).. 72

XII



Table 24.
Table 25.
Table 26.
Table 27.
Table 28.
Table 29.
Table 30.
Table 31.

Table 32.

Table 33.

Table 34.

Table 35.

Table 36.

Table 37.

Table 38.

Table 39.
Table 40.
Table 41.

Table 42.

Table 43.

Table 44.

Table 45.

Convergence study of critical buckling loads of the beams (p =5)................ 73
Fundamental natural frequencies of Type B beams ..........ccccceevveviieiiinirenenne. 73
Fundamental natural frequencies of Type C beams .........cccccvveeerieerciieenieeennnenn. 74
Critical buckling loads of Type B beams .........cccccccevviiriiiiniieiiiecieeeee 75
Critical buckling loads of Type C beams ..........cccceccvveeriiieiiieeieeeieeeee e 75

Comparison of first three natural frequencies in Type B beams (L /A =5)........ 76
Comparison of first three natural frequencies in Type C beams (L /A =5)........ 77

Fundamental natural frequencies variation in the Type B beam with
different BCs, porosity distributions, and elastic foundation (1-2-1,p =2)..... 79

Fundamental natural frequencies variation in the Type C beam with
different BCs, porosity distributions, and elastic foundation (1-2-1,p =2)..... 80

Critical buckling loads variation in the Type B beam with different BCs,
porosity distributions, and elastic foundation (1-2-1,p =2)...cccceeveriiriiennne 81

Critical buckling loads variation in the Type C beam with different BCs,
porosity distributions, and elastic foundation (12-1,p =2)...ccccceeveeriieieennne 82

Fundamental natural frequencies variation of the beams with different skin-
core-skin thickness ratio, BCs, and porosity distributions (L/h =5, p =5,
Ky =25, K = 10) o 84

Critical buckling loads variation of the beams with different skin-core-skin
thickness ratio, BCs, and porosity distributions (L/h =5, p =5, K,, = 25,

K = 10) e 85
Effect of foundation parameters on fundamental frequencies of FGSBs (1-
2-1, L/ R =5, €5 = 0.5, 0 = 5) ettt 88
Effect of foundation parameters on critical buckling loads of FGSBs
(1-2-1, L/ h =5, 60 = 0.5, 0 =5) oottt 89
The nondimensional maximum vertical displacements of Type A beams ......... 93
The nondimensional maximum vertical displacement of Type C beams ......... 94
Comparison of maximum axial stress g, vertical stress d, and shear stress

Oxz OF TYPE A DBEAMS (1-2-1) ceeieiiiiiiieeeiie e 95
Comparison of maximum axial stress g, vertical stress 6, and shear stress

Oxz OF Type C beams (1-8-1)....ccoiiiiiiiiieiiece e 96
Variation of maximum vertical displacements of Type A beams for various
porosity distributions and elastic foundation models (1-2-1, p =2) ................. 99

Variation of maximum vertical displacements of Type C beams for various
porosity distributions and elastic foundation models (1-2-1, p =2)................ 100

Variation of maximum stresses inSS beams with different porosity
distributions and elastic foundation models (L/h=5,1-2-1,p =2) .c.ccuvenu... 101

XIII



Table 46.

Table 47.

Table 48.

Table 49.

Table 50.
Table 51.
Table 52.
Table 53.
Table 54.
Table 55.

Maximum vertical displacement of Type A beams with different skin-core-
skin thickness ratio, BCs, and porosity distributions (p = 5, K,, = 25, K, =

Maximum vertical displacement of Type C beams with different skin-core-
skin thickness ratio, BCs, and porosity distributions (p = 5, K,, = 25, K, =

0] ettt ettt e e b e ente et e teenteententeenneenaens 108
Effect of foundation parameters on maximum vertical displacement of

FGSBs (1-2-1, L/R=5,0=5,€0 = 0.5) seererierieieierieeeeseeeeeeeeeee 110
Effect of Foundation Parameters on maximum stresses of SS beams (1-2-1,

L/ =5, 0=5,0 = 0.5) ettt e 111
Nondimensional maximum vertical displacements of Type A beams (1-2-1)..116
Nondimensional critical buckling loads of Type A beams (1-2-1) ................... 117
Nondimensional fundamental natural frequencies of Type A beams (1-2-1) ...117
Comparison of fundamental natural frequencies of CF Type A beams ............ 118
Comparison of fundamental natural frequencies of CC Type A beams............ 118

The first three natural frequencies of Type A beams (1-2-1, L/h = 10,

X1V



TR A AR OT

<$<:Q2|02

Ve(2)

p(2)

LIST OF SYMBOLS

Porosity coefficient

Mass density

Shear shape function

Thickness

Winkler constant

Pasternak constant

Power index

Transverse load

Displacement in x-direction
Displacement in z-direction
Nondimensional vertical displacement
Elastic modulus

Force

Geometric stiffness matrix

Kinetic energy

Nondimensional Winkler constant
Nondimensional Pasternak constant
Stiffness matrix

Length

Mass matrix

Axial force

Nondimensional critical buckling load
Strain energy

Strain energy induced by elastic foundations
Potential energy

Volume fraction

Variational operator

Strain

Mass density

XV



Y

®;(x)

Pi(x)

g

= B g

Stress

Nondimensional stress

Shear stress

Poisson’s ratio

Shape function

Slope

Shape function

Natural frequency
Nondimensional natural frequency
Vector of unknown coefficients.

Total potential energy

XVI



1. GENERAL INFORMATION

1.1. Overview

The industrial world is in a state of constant evolution driven by the quest for
perfection. This progression and pursuit for excellence cannot be realized without scientific
advancement, which provides industry with cutting-edge research outcomes, facilitating
the conception and implementation of innovative processes that drive industrial
development. Historically, the driving force behind the discovery of new materials has
largely adhered to a dual paradigm associated with the pragmatic challenges humans face
in their material existence, and their intellectual imperative to comprehend and elucidate
the world around them. Consequently, a significant subset of materials has been engineered
to address specific technological exigencies.

The necessity to discover or synthesize novel materials has intensified significantly
with the progression of scientific knowledge and technological advancement, driving the
transformation of materials from monolithic forms to alloys, and subsequently, to the
creation of composite materials. Composite materials are an innovative class of materials
formed by combining two or more distinct substances, each with unique properties. This
combination allows the composite to leverage the best characteristics of its components,
resulting in improved overall performance. Conventional composites are typically
composed of multiple layers bonded together at interfaces with fiber orientations that can
be tailored to achieve desired structural performance characteristics. This tailoring leads to
improved properties, such as enhanced stiffness, improved fatigue and corrosion resistance,
increased wear resistance, and weight reduction. However, a significant challenge
associated with conventional composite materials is the presence of discontinuities at the
layer interfaces, leading to stress concentrations, matrix cracking, debonding, and
delamination, particularly under elevated temperature conditions.

In the quest to overcome the limitations of conventional composites, engineers and
researchers have directed their attention toward functionally graded materials (FGMs).
Initially proposed by Japanese scientists in 1984 these new-generation inhomogeneous
advanced composite materials are featured with gradual and continuous change in the

characteristics of their constituent elements along a specified axis. Unlike traditional



composites with sharp interfaces, FGMs feature gradient interfaces, enabling a smooth
transition between different materials and mitigating interfacial effects. This unique
property of FGMs minimizes stress concentrations, residual stresses, matrix cracking,
debonding, and delamination, thereby enhancing structural durability and preventing
catastrophic failures. FGMs are often crafted from a combination of ceramics and metals,
leveraging the strengths of both materials. This ingenious pairing capitalizes on the
ceramics' excellent thermal properties, wear resistance, and corrosion resilience, while
simultaneously harnessing the superior toughness and mechanical strength inherent to
metals. Consequently, they offer significant potential in high-temperature environments
and sensitive applications.

The evolution of FGMs has led to the emergence of functionally graded porous
materials (FGPMs), which incorporate porosity into the material gradient. In addition to
the benefits of typical FGMs, FGPMs have important characteristics such as being
lightweight, possessing high strength, demonstrating superior energy dissipation, and
enhancing thermal and acoustic characteristics. These attributes have sparked interest in
their potential applications across various engineering sectors such as civil, aerospace,
automotive, energy, and environmental engineering. The pursuit of enhanced performance
has driven the development of various advanced beam structures, including functionally
graded porous (FGP) beams, FGP sandwich beams, and functionally graded sandwich
beams (FGSBs) with porous cores.

Their numerous advantages have attracted significant research interest over the past
few decades, resulting in extensive studies on their mechanical behaviors utilizing a range
of displacement-based theories including classical beam theory (CBT), first-order shear
deformation theory (FSDT), higher-order shear deformation theories (HSDTs), and quasi-
3D deformation theories. Although CBT provides a simple method for beam analysis, its
omission of transverse shear deformation limits its accuracy to slender beams. To address
the limitations of CBT, Timoshenko proposed the FSDT in 1921. The FSDT model
considers shear deformation effects, offering more precise outcomes for thick beams in
contrast to CBT. However, the utilization of a suitable shear correction factor is imperative
in FSDT to adequately account for transverse shear deformation. To eliminate the necessity
for the shear correction factor, HSDTs have been introduced. Furthermore, quasi-3D
deformation theories, developed as an extension of HSDTs, incorporate thickness-

stretching effects, leading to enhanced accuracy.



The computational approaches employed to predict the beam behavior can be
categorized into analytical and numerical methods. Among the analytical approaches,
Navier’s method stands out as the simplest and most well-established analytical technique.
However, its applicability and effectiveness are limited to boundary conditions. To
overcome the limitations of the Navier approach, the Ritz method has emerged as an
alternative analytical technique that can account for various BCs. The precision of this
technique, however, relies on the appropriate selection of the approximate shape functions.
Due to the limitations of analytical methods, numerical techniques have gained
prominence, with the finite element method (FEM) establishing itself as the preeminent
computational approach.

This section presents a comprehensive overview of FGMs and FGPMs. An extensive
review of recent literature on the mechanical behavior of FGP beams and FGP sandwich
beams is presented, revealing the growing interest in such structures and the diverse range
of studies conducted on their static, dynamic, and stability behaviors. The review identifies
significant research gaps, including the limited application of the Ritz method and FEM
solutions based on HSNDTs in FGSBs analysis. It also emphasizes the need for further
research on FGSBs with porous cores on elastic foundations. The chapter provides an
overview of displacement-based theories, including CBT, FSDT, HSDT, and quasi-3D
models, employed in FGSBs analysis. It also evaluates analytical approaches such as
Navier and Ritz methods, numerical techniques like FEM, and elastic foundation models

used in conjunction with these theories.

1.2. Literature Review

1.2.1. Review of Mechanical Analysis of FGP Beams

FGP beams have been widely studied due to their potential for improved mechanical
performance in various engineering applications. The literature includes extensive analyses
of static bending, buckling, and vibration behaviors, with researchers utilizing diverse
deformation theories and solution methods. This section synthesizes key contributions
from recent studies, highlighting the progression of knowledge and gaps in understanding.

Early studies predominantly employed Timoshenko beam theory (TBT) and FSDT to

model mechanical behavior. Ton (2022) and To (2022) examined the influence of porosity



distributions on the bending and free vibration behaviors of FGP beams using FEM based
on TBT. Building upon this, Chen et al. (2022) expanded the scope by investigating
buckling and vibration behaviors using multiscale modeling with the Ritz method and
TBT. Focusing on FSDT, Van Vinh et al. (2022) introduced a novel mixed FE model to
analyze the bending behavior of FGP beams, while Akbas et al. (2022) used FEM to
analyze the vibration response of thick FGP beams under dynamic sine pulse loads
Subsequent studies explored dynamic responses and viscoelastic effects in FGP beams.
Medjdoubi et al. (2023) developed an analytical model to look into the effect of porosity
on the shear correction factors. Ong et al. (2023) studied the vibrational response of
viscoelastic FGP carbon nanotube (CNT) reinforced double beams using FEM and FSDT.
Zhang et al. (2023) introduced a unified variational method based on FSDT for analyzing
the vibration of FGP beams with variable curvature under arbitrary boundary conditions. In
a related direction, Chen et al. (2023) conducted structural uncertainty analysis on FGP
beams using Al-enhanced FE multiscale modeling with TBT and the Ritz method, while
Turan et al. (2023) investigated the free vibration and buckling behaviors of FGP beams
using the Ritz method, FEM, and artificial neural networks with FSDT, complementing
earlier findings on porosity effects. Similarly, Fallah et al. (2024) used physics-informed
neural networks to analyze the bending and free vibration of three-dimensional (3D) FGP
beams. Uzun et al. (2024) explored the vibrational behavior of carbon nanobeam on an
elastic foundation, considering various gradation rules. Burlayenko et al. (2024) focused on
modal characteristics of FGP beams with variable cross-sections using the differential
transform method and TBT. Belabed et al. (2024) formulated a novel beam FE model to
investigate the buckling and free vibration behavior of FGP beams supported by elastic
foundations. Vikrant and Sarangi (2024) explored the elastic buckling and static bending of
FGP beams with varying porosity distributions under different conditions. Rasooli et al.
(2024) presented a novel method using complementary functions to analyze the static
behavior of FGPB-column frames using TBT. Bagheri et al. (2024), examined the impact
of porosity on the free vibration and buckling of non-uniform FGP beams using FSDT. Wu
et al. (2024) compared beam theories for predicting buckling and vibration of FGP beams.
Heshmati et al. (2024) carried out a time-domain analysis of wave propagation in FGP
beams using FSDT. Ahmed et al. (2024) introduced a novel analytical model to study the

impact of porosity on shear correction factors in FGP beams. These studies collectively



demonstrated a progressive refinement in understanding the mechanical behavior of FGP
beams.

As research progressed, HSDTs emerged as effective tools for precise analysis of
FGP beams, addressing the limitations of lower-order theories. Initial studies by Fazzolari
(2018) explored the free vibration and elastic stability of 3D-FGP sandwich beams on
Winkler-Pasternak foundations. Su et al. (2019) used third-order shear deformation theory
(TSDT) in investigating the impact of surface on the bending behavior of FGP nanobeam:s.
Hadji et al. (2019) developed a novel HSDT model for analyzing the bending and vibration
behaviors of FGP beams with the Navier method, providing a robust framework for later
works. Harsha et al. (2021) employed the Ritz method to investigate the influence of
porosity distributions on the buckling and vibration behavior of FG beams under axially
variable loads (AVLs), while Priyanka et al. (2022) extended this by focusing on AVL
effects in FGP beams using the same method. Zghal et al. (2022) utilized enhanced mixed
FEM to study the effects of porosity distributions on the static bending characteristics of
FGP beams. Sayyad et al. (2022) applied the Navier method with HSDT to evaluate
circular FGP beams' mechanical responses, advancing earlier models by addressing more
complex geometries. Adiyaman (2022) performed free vibration analysis using FEM and
HSDT, refining the understanding of FGP beam dynamic characteristics. Nguyen et al.
(2022) introduced two-variable shear deformation theory for comprehensive buckling,
bending, and vibration analyses. Mellal et al. (2023) extended these by studying the
vibration and buckling of FGP beams on variable foundations using the HSDT and Navier
technique. Pham et al. (2023) studied the vibration of 2D-FGP nanobeams on elastic
foundations under hygrothermal conditions using nonlocal strain gradient theory-based
FEM. Hadji et al. (2023) analyzed bending and free vibration responses of FGP beams
using HSDT and Navier methods, focusing on elastic foundation effects. Nguyen et al.
(2023) developed a Legendre-Ritz method to study FGP beams’ mechanical characteristics
on elastic foundations, demonstrating the versatility of HSDT. Abdelbari et al. (2023)
explored free vibration of imperfect FGP beams on Winkler-Pasternak foundations under
thermal loading using HSDT. Turan and Adiyaman (2023) analyzed the static response of
2D-FGP beams with HSDT, while Geetha et al. (2023) presented a Navier-type analytical
model based on HSDT for analyzing the bending response of 2D-FGP beams, considering
various porosity distributions and material property modifications along its dimensions

Geetha et al. (2023) performed numerical vibrational analysis on FGP beams using a TSDT



under various boundary conditions., with Dahmane et al. (2023) exploring wave
propagation in bidirectional FGP beams using HSDT. Attia and Shanab (2024) integrated
surface stress and microstructure effects into 2D-FGP nanobeam dynamics with the Ritz
method and HSDT, while Kannaiyan et al. (2024) employed the Kuhn-Tucker technique
for vibrational studies using TSDT and R-program. Similarly, Adiyaman and Turan (2024)
carried out the bending and buckling of exponentially 2D-FGP beams using HSDT.
Djebbour et al. (2024) conducted a detailed analysis of the free vibration behavior of FGP-
CNT beams supported by an arbitrary orthotropic variable elastic foundation using HSDT.
Uzun and Yayli (2024) evaluated the dynamic response of FG nanobeams with pores using
modified couple stress theory. Amir and Kim (2024) calculated the natural frequencies of
FGP curved beams using deterministic and stochastic FE models based on HSDT. Zhang et
al. (2024) addressed hygrothermal effects on FGP magneto-electro-elastic microbeams
using the differential transformation method and modified couple stress theory,
highlighting multi-physics integration in FGP modeling. The consistent thread throughout
these studies is the use of HSDT and various numerical methods to provide an increasingly
precise and nuanced understanding of FGP beam behaviors.

To enhance the predictive accuracy of FG beam behavior and account for transverse
normal stresses, quasi-3D theories extend HSDTs by incorporating thickness-stretching
effects through higher-order shear shape functions. Atmane et al. (2017) were among the
first to apply quasi-3D theory to study the free vibration, bending, and buckling behavior
of FG beams on elastic foundations. Their work highlighted the significant influence of
porosity on these mechanical responses. Fahsi et al. (2019) extended the application of
quasi-3D theory by introducing a new formulation to analyze the mechanical behavior of
FGP beams on elastic foundations, focusing on enhanced modeling of transverse stresses.
Taleb et al. (2024) further expanded the scope of quasi-3D theory by investigating the free
vibration behavior of temperature-dependent 2D-FGP curved beams. These studies
utilizing quasi-3D theory underscore its robustness in capturing the mechanical responses
of FGP beams. Upon the understanding of FGP beams, the researchers turn their focus to
FGSBs, which introduce an additional layer of complexity and potential for innovative

applications due to their distinct structural configurations and material gradation.



1.2.2. Review of Mechanical Analysis of FGP Sandwich Beams

In recent decades, FGSBs with porosity have been of interest to many researchers
due to their numerous advantages, leading to extensive studies focusing on their
mechanical characteristics using various theories and computational methods (Wu et al.,
2020b). Early studies focused on fundamental mechanical analyses using FSDT. Bamdad
et al. (2019) pioneered investigations into the vibration and buckling response of FGP
sandwich beams with porous cores, establishing a foundational understanding of their
mechanical behavior. Building upon this groundwork, Alambeigi et al. (2020) expanded
the research by incorporating shape memory alloy composite face sheets, demonstrating
the potential for more sophisticated material configurations. Njim et al. (2022) and Al-Itbi
and Noori (2022) further extended this work using Ansys-based simulations, quantifying
the effects of porosity and material gradation on bending behavior. Tagkin and Demir
(2023) further extended FSDT for curved sandwich beams with viscoelastic cores,
incorporating damping effects into vibration analyses. Similarly, Mesmoudi et al. (2023)
proposed an efficient mesh-free approach based on buckling and post-buckling analysis of
FGP sandwich beams, while Mesmoudi et al. (2023) assessed the nonlinear response of
FGP isotropic and sandwich Timoshenko beams by combining the radial point
interpolation approach with variable shape parameters and high-order continuation
methods.

As research progressed, scholars began exploring more advanced theoretical
frameworks. HSDTs have been extensively used for detailed analyses of FGP sandwich
beams, particularly for capturing shear deformation effects without the need for shear
correction factors. Hung and Truong (2018) conducted a comparative study using various
HSDTs to investigate free vibration of beams resting on elastic foundations, providing
benchmarks for future work. The computational landscape evolved rapidly, with
researchers developing increasingly sophisticated numerical methods. Matinfar et al.
(2019) studied the impact of a hygrothermal environment on the static bending of a 2D-
FGP sandwich beam resting on a Winkler-Pasternak foundation, utilizing layerwise theory
and the Chebyshev Tau method. Chinh et al. (2021) utilized a polynomial-based point
interpolation method combined with HSDT for static flexural analysis, enhancing solution
accuracy for stress distribution. Srikarun et al. (2021) investigated both linear and

nonlinear bending behaviors of sandwich beams with FG porous core using TSDT. Hamed



et al. (2020) applied HSDT to optimize critical buckling loads under axial loads, while
Patil et al. (2023) examined bending and vibration behaviors under viscoelastic boundary
conditions. Derikvand et al. (2023) advanced the application of HSDT to analyze buckling
in FGSBs with porous core, emphasizing porosity distribution's influence on stability.
Subsequent researchers like Li et al. (2023) utilized nonlinear FE simulations and Carrera's
unified formulation to investigate the nonlinear vibration response of FGSBs with porous
core in thermal environments, while Mohammadimehr (2022) focused on the buckling and
free vibration characteristics of FGSBs with porous core, utilizing non-local stress-strain
elasticity theory.

The most recent research demonstrates a trend toward a highly specialized and more
comprehensive computational framework for analyzing FGP sandwich beams with quasi-
3D theory accounting for thickness stretching effects. Fang et al. (2019) employed quasi-
3D theory-based isogeometric analysis to study bending and vibration behaviors,
demonstrating the theory's capability for complex geometries. Hung et al. (2022) explored
free vibration under thermal effects using quasi-3D theories in a mesh-free framework. Xin
and Kiani (2023) employed quasi-3D theory and the Navier solution method to analyze the
vibration behavior of thick sandwich beams featuring FG porous core and resting on elastic
foundations. Eiadtrong et al. (2024) utilized quasi-3D theory with the Gram-Schmidt-Ritz
method, while Ermis et al. (2024) developed innovative techniques using peridynamic
differential operators and refined zigzag theory. These studies reveal a clear trajectory of
increasing complexity and precision in understanding FGP sandwich beam mechanics.
However, several critical gaps persist in the current literature, necessitating further

exploration to address these challenges comprehensively.

1.2.3. Research Gaps

The comprehensive literature survey summarized above reveals significant research
gaps in the characterization and analysis of FGSBs with porosity, specifically in the
following key areas:

1. While HSDTs predominate current research, analytical and numerical solutions

based on higher-order shear and normal deformation theories (HSNDTs) are

scarce.



2. Navier's method is commonly employed for analytical solutions, however, the
application of the Ritz method within the HSNDT framework remains limited.

3. The implementation of FEM using HSNDTs is restricted due to difficulties in
satisfying C'-continuity requirements, especially for complex problems.

4. Despite significantly considerable research on single-layer FG porous beams,
there is a dearth of studies on FGSBs comprising FG face sheets with isotropic
porous cores, or isotropic face sheets with FG porous cores. The effect of porosity
on the strength and stiffness of FGMs, particularly in sandwich structures, is not
well understood and requires further investigation.

5. There is limited research on the performance of sandwich beams supported by
elastic foundations. Most studies utilize the Winkler foundation model, however,
more comprehensive models are scarcely explored.

6. A limited number of studies have concentrated on FGSBs with porous cores
resting on elastic foundations. A comprehensive understanding of the combined
impacts of core porosity and elastic foundations on mechanical behavior

necessitates further investigation, including shear and normal deformation effects.

1.3. Theoretical Background

1.3.1. Materials Gradation Laws

Several homogenization laws have been proposed to effectively model the gradual
change in material properties of FGMs. Among them, the power law, exponential law, and
sigmoid law are the most frequently employed to characterize the volume fractions of
constituent materials in FGMs, as noted in the most recent reviews by Sayyad and Ghugal
(2019b). This section explores the application of the most widespread and popular
analytical homogenization for modeling FGSBs which is the power law. To illustrate these
rules, a three-layered FGSB is considered as seen in Figure 1. This beam, composed of
ceramic and metal materials with continuous variation through the thickness, is examined
in three configurations: Type A features FG face layers with a homogeneous ceramic core,
Type B consists of FG face layers with a homogeneous metal core, and Type C made of

homogeneous face layers and an FG core.
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(a) Power-law distribution. The material gradation in FGMs is commonly modeled
using the rule of mixtures, a straightforward and popular approach. It assumes the property
of an FGM is approximately a volume-weighted average of its constituent materials'
properties. Among them, the power-law distribution, initially proposed by Wakashima et
al. (1990) has become a popular choice among researchers for modeling and analyzing FG
structures due to its flexibility and relative simplicity. The effective material properties of

an FGSB throughout its thickness can be explicitly characterized by (Avcar et al., 2021):

z
hy
Face layer h/2
hy
Core layer 5
hy h/2
Face layer
hg
% Z) z
Type A
Py ype hs Type B hs Type C
FGM FGM Isotropic layer
hy h, h,
Ceramic core Metal core FGM core
hy hy hy
FGM FGM Isotropic layer
h’C hO ho

Cross-section

Figure 1. FG sandwich beams layout
(1) For Type A and Type C,

E(z) = Em + (E. — Ex)Ve(2)

(1)
p(2) = pm + (pc — Pm)Ve(2)

(i1) For Type B,

E(z) =E.+ (Epm, — E))V.(2)

(2)
p(z) = pc + (Pm — pIVe(2)

In Egs. (1) and (2), the Young’s modulus and density of the material are represented

by E(z) and p(z), with subscripts m and ¢ denoting the metal and ceramic components,
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respectively. The expressions for the volume fraction which represented by V,(z) are as

follows (Avcar et al., 2021):

(1) For Types A and B,
— ha\P
V(@) = (=) forz € lho,h]
Ve(z) =1 for z € [hy, hy] 3)
Z — h3 p
V@) = (=) forz € ha
(i1) For Type C,
I/C(Z) =0forze [ho, hl]
— h. \P
V@ = (=) forze€ [huhl )

V.(z) = 1for z € [hy,, hs]

where p is the power-law index. Figure 2 provides a visual representation of volume

variation for four symmetric configurations of the Type A FGSBs.
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Figure 2. Volume fraction distribution for Type A beams with respect to the power-index

(b) Exponential distribution law. The exponential law has gained significant attention

(1) For Types A and C,

E(z) = E, e ("(E)%)

1
p(2) = ppe

(22)ve@

FGSBs can be expressed in general form as follows (Garg et al., 2021a):

in studies focusing on the fracture of FG structures. This gradation law was introduced by
Delale and Erdogan (1983) and Zhang et al. (2003), offering an alternative mathematical
description of property variation in FGM structures. The volume fraction functions are as

defined in Egs. (3) and (4). The exponential law for material properties distribution in

)
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(i1) For Type B,

E(z) = Eceln(i_T)VC(z)

6
0 (21)v,2) ©

p(2) = pee" e

Based on the above expressions, Figure 3 shows Young's modulus variation for the
Type A beam as an example.

(c) Sigmoid distribution law. The utilization of the sigmoid law presents a more
sophisticated technique for characterizing the distribution of material properties,
particularly in bilayered FG beams. The application of a basic power law could lead to
abrupt changes in stress at the interface between layers. To maintain stress continuity at
these interfaces, Chi and Chung (2006) proposed the sigmoid law, combining two power-
law functions to model the gradual material properties variation. The first law defines the
variation from z = h/2 to z = 0, and the second one governs the variation from z = 0 to
z = h/2. This dual-function approach allows for a smooth transition of properties across
the beam's thickness, effectively eliminating stress discontinuities at layer interfaces. The
volume fraction of FGSBs following the sigmoid law function through the thickness can be

expressed as follows (Garg et al., 2020):
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Figure 3. Variation in Young’s modulus of Type A beams through the thickness by
exponential law

(i) For Types A and B,

14
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P
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where h,,; = {othy) and h,,, = (hzz;h:")
(i1) For Type C,
V.(z) = 0 for z € [hy, hy]
7 — P
1
V.(z) = 0.5 (—) for z € [hy, hyys]
hm3 - hl
) (8)
Z —
V.(z) =1-0.5 (—2> for z € [z, hy]
hm3 — 2
I/C(Z) =1forz e [hz, h3]
where hy,3 = (1+12) The effective material properties are defined in a similar manner to

the power law. Figure 4 visually represents the volume fraction variation based on the

sigmoid law for Type A beam.
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Figure 4. Volume fraction variation of Type A beams by the sigmoid law
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1.3.2. Porosity Distribution

FG porous material (FGPM) is a novel material concept that effectively merges the
principles of FGMs and porous materials, enabling continuous microstructure and porosity
gradients along any specified direction (Babaei et al., 2022). This integration enhances the
material's versatility and performance by incorporating both the gradual variation of
material properties seen in conventional FGMs with porosity as another variable in the
gradient of the material. In FGPMs, pores are distributed throughout the base material with
varying porosity. This variation in porosity may arise due to alterations in pore
arrangement and size (Kiarasi et al., 2021).

Figure 5 shows three main patterns of porosity distributions that are commonly
discussed in the literature (Chen et al., 2018). In a uniform distribution (UD), porosity is
evenly distributed throughout the porous body, resulting in consistent properties across the
material. Symmetrical distribution (SD) is characterized by porosity that continuously
decreases or increases from the mid-plane to the surfaces, creating a balanced gradient. In
contrast, asymmetrical distribution (ASD) features porosity that gradually changes from
the top surface to the bottom, offering a directional gradient of properties. These
distribution patterns allow for tailored material properties to suit specific application
requirements. In an FGSB with porous core, Young's modulus and mass density variation
can be modeled in the following way (Chen et al., 2016).

(1) Uniform porosity distribution (UD):

E(z) = Emax [1 - eo“]

)
p(z) = Pmax1— €0
(i1) Symmetric porosity distribution (SD):
nz
E(z) = Epax [1 - eocos( )]
hy = hy
(10)

p(2) = Pmax [1 — émC0S (hzn—zhl)]]
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(iii) Asymmetric porosity distribution (ASD):

nZz T
E(2) = Enax |1 - eocos (m+ 2) an
p(2) = Pmax [1 — emCos (ﬁ + %)]

where the symbols e, and e, represent the porosity and mass density coefficients,
respectively, while Ep,4,(2) and pyq.(2) denote the corresponding maximum values of
the Young’s modulus and material density. The coefficients a and e,, can be determined

using the following approach.

1 1 (2 2 2
= ——— (= 0= e, -2+ 1)
eo eO T T (12)
em =1—1—¢
Z A Z
Emax' pmax Emax) pmax
EE(z),p(z)
] x X X
Emaxt pmax Emaxr pmax
(a) UD (b) SD (c) ASD

Figure 5. Porosity distribution patterns

1.3.3. Theories for Modeling and Analysis

Extensive research has been conducted on FGSBs in recent years, with a focus on
their behavioral characteristics, according to the recent reviews by Garg et al. (2021).
Birman and Kardomateas (2018) provided a comprehensive overview of the various
theories used to assess the structural responses of such types of beams, categorizing them
primarily as CBT, FSDT, HSDT, and quasi-3D deformation theories.

(1) Classical Beam Theory (CBT). The CBT, also referred to as the Euler-Bernoulli
beam theory, stands as the most basic approach for analyzing beams (Yang et al., 2013).

This basic model operates on the principle that cross-sections originally perpendicular to
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the beam's neutral axis maintain their planarity and remain normal to this axis even when
the beam undergoes bending deformation. However, it is important to note that this theory
does not account for the transverse shear deformation effects, limiting its applicability to
slender beam analysis. The CBT displacement field can be mathematically represented as

follows (Yang et al., 2013):

Wo

ox (13)

u(x,z,t) = uy(x,t) — z

w(x,z,t) = wy(x, t)

where u and w denote the displacements in the x- and z- directions, respectively. u, and
w, are the displacements at the beam's midplane.

(2) First-order Shear Deformation Theory (FSDT). The FSDT addresses the
limitations of CBT through the incorporation of shear deformation effects, assumed to be
constant across the beam's thickness. It also assumes that cross-sections remain planar after
bending but may not stay perpendicular to the neutral axis. FSDT provides more accurate
results for thick and anisotropic beams compared to CBT. Nonetheless, accurate
representation of transverse shear deformation in FSDT necessitates the use of a shear
correction factor. The theory's displacement field can be mathematically expressed as (Van

Vinh et al., 2022):

u(x, z,t) = up(x, t) — zep(x, t)
(14)
w(x,z,t) = wy(x, t)
where ¢ is the rotation of the cross-section.

(3) Higher-order Shear Deformation Theories (HSDTs). Driven by the need to
eliminate the requirement for a shear correction factor in FSDT, HSDTs emerged as a
significant advancement in the study of beam structures. HSDTs employ higher-order
shape functions, which can be polynomial or non-polynomial, to more accurately model
transverse shear deformation. This results in a more realistic representation of transverse
shear stress variation across the beam's thickness. By incorporating higher-order terms,

HSDTs offer enhanced accuracy in predicting beam behavior, especially for thicker beams
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where shear deformation is significant. The displacement fields for various HSDTs can be

generally expressed as (Sayyad et al., 2022):

ow,
u(x,z,t) = uy(x, t) — z% + f(2)p(x, t) (15)

w(x,z,t) = wy(x,t)
where f(z) is the shear shape function. Numerous HSDTs have been developed using
polynomial or non-polynomial shape functions. A summary of some available shear-shape

functions is provided in Table 1.

Table 1. Shear shape functions used in various HSDTs

References f(2)

Reddy (1984); Murthy (1903); an?
f@)=z2(1-5)

Levinson (1980)
Panc (1975); Reissner (1975); s 52
@-2(-2)
Kruszewski and Kruszewski (1949) 4 3h
. hZ 23
Ambartsumian (1960) f(2) = SZo~
7 2z 27°
Nguyen-Xuan et al. (2013) f(z) = 2o toT
3
Nguyen et al. (2014) f(2) = htan (Z) - 1223
Arya et al. (2002); Ferreira et al. (2005) f(2) = sin (%)
. h . nzZ
Stein (1986) f(z) = 2sin (T)
. . 3T 4 3n 2 (1
Akavci & Tanrikulu (2008) f(z) = ?h tanh (H) -5z sech (5)
. z 1
Soldatos (1992) f(z) = hsinh (Z) — zcosh (5)
1 —-1(12 z 2r
Grover et al. (2013) f(2) = sinh (7) —l=
=
3
Mahi et al. (2015) f(2) = gtanh (%) - g(g) Coshlz(l)

Karama et al. (2009) f(z) = ze 2@/’




20

(4) Quasi-3D Deformation Theories (HSNDTs). Quasi-3D  theories represent an
extension of HSDTs, incorporating the effect of transverse normal stress for a more
comprehensive investigation. By incorporating thickness-stretching effects into the
transverse displacement through higher-order shape functions, quasi-3D theories account
for both transverse shear and normal deformations, resulting in more accurate predictions.
In general, the unified displacement field for quasi-3D beam deformation theory is

represented as follows (Fang et al., 2019):

dw,

—2 + f(D)y (5,0
W(x, z, t) = WO(x' t) + f'(Z)(].')Z(x, t)

u(x, z,t) = uy(x,t) — z

(16)

where the shear slopes associated with the transverse shear and normal deformations are

represented by ¢,, and ¢, respectively

1.3.4. Analytical and Numerical Solutions Methods

Over time, various analytical and numerical approaches have been developed to
study FGSBs. Despite their high accuracy, analytical approaches are typically restricted to
problems with simplified geometries, boundary conditions, and loading scenarios. As a
result, there has been a noticeable increase in the application of numerical techniques to
more complex problems. This section focuses on the implementation and effectiveness of
some of the most popular and commonly used methods in the analysis of FGSBs.

(1) Navier’s method. Among the analytical approaches, Navier’s method stands out
as the simplest and most well-established analytical solution technique. Its straightforward
implementation and reliable results have led to extensive use in the literature (Abed and
Bousahla, 2022; Osofero et al., 2016; Sayyad et al., 2017; Sayyad and Avhad, 2019;
Sayyad and Ghugal, 2019a; Turan and Kahya, 2021). However, this approach is primarily
effective with simple supported boundary conditions. This method approximates unknown
displacement variables using trigonometric functions that satisfy the boundary conditions.
For simply supported beams, these functions typically take the form of sine or cosine

series, which inherently meet the zero displacement and moment conditions at the
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supports. For instance, the displacement variables in the quasi-3D theory can be expressed

as (Sayyad et al., 2017)

uy(x, t) = z U,,cos(ax)e't
m=1

wo(x,t) = W,,sin(ox) et
B 17)
¢, (x,t) = ¢ymcos(ox) e'®t
y ;1 y

d)z(x: t) = z (pzmSin(ax)eiwt
m=1

where Up,, W, ¢y and ¢, are unknown coefficients, w refers to the beam’s natural
frequency, @ = mz/L is nondimensional parameter, m presents a positive integer, which is

taken as m = 1, and /i = —1 represents the imaginary unit.

(2) Ritz method. The Ritz method, based on energy principles, has emerged as a
more effective alternative to the Navier method in the analysis of FGSBs with complex
boundary conditions. The Ritz method offers greater flexibility in handling various
boundary conditions, making it a valuable tool for studying more complex beam
configurations. It has been increasingly employed in recent studies (Arefi and Najafitabar,
2021; Karamanli and Aydogdu, 2020; Karamanli, 2018; Nguyen et al., 2016; Rezaiee-
Pajand et al., 2018; Vo, Osofero, et al., 2014) to analyze the static, dynamic, and buckling
behavior of various FGSBs configurations using a variety of displacement-based theories.
The Ritz method uses admissible functions that can be approximated to satisfy essential
boundary conditions. These admissible shape functions can be in polynomial,
trigonometric, exponential, or hybrid form. However, improper shape functions may
reduce the rate of convergence and lead to numerical instabilities. For instance, the
unknown displacements of a quasi-3D theory can be presented as follows (Karamanli,

2018b):
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m

U6, 0) = ) (et

j=1

wo(x,t) = ) bapi(x)ewt
0 le ik (1)

m

by(00) = ) Gx(elet

Jj=1

B, 0) = ) (e
j=1

J

where 1); (x) represents the admissible shape function that satisfies the kinematic boundary
conditions, and (a;, b;, ¢; and d;) indicate the unknown coefficients to be determined. It is
essential to note that the number of terms included in the series approximation as well as
the choice of admissible functions has significant effects on the accuracy of the Ritz
method.

(3) Finite Elements Method (FEM). FEM has emerged as the preferred numerical
approach for analyzing FGSBs due to its versatility in handling complex engineering
challenges. The implementation of FEM for FGSBs typically involves several key steps:
(1) discretizing the beam into finite elements (ii) formulating elements using polynomial
shape functions to approximate the displacement field, (iii) incorporating FG material
properties, and (iv) assembling element matrices into global ones. The method's flexibility
in handling various boundary conditions and its capability to account for non-linear
behavior make it a powerful tool for analyzing the complex nature of FGSBs. Numerous
studies have demonstrated the efficacy of FEM in analyzing FGSBs across various aspects.
In mechanical analysis, researchers like Van Vinh (2021), Belarbi et al. (2021, 2022),
Kahya and Turan (2018), Vo et al. ( 2014, 2015), Li et al. (2019), and Koutoati et al. (2021)
have proposed novel FE models for buckling, free vibration, and static bending analysis
using different deformation theories.

Displacements on individual elements are approximated through the utilization of
shape functions and the corresponding nodal values. Generalized displacements throughout

the element based on a quasi-3D theory are stated as (Vo et al., 2015):
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uo( ) = Y i)y

wo(x, t) = Z @i(x) w;

= (19)
d)y(x’ t) = Z lpi(x) d)yi

i=1

¢, (x,t) = Z PYi(x) ¢y
i=1

where the generalized nodal displacement variables are represented by u;, w;, ¢,,;, and ¢
where i indicates the node. The corresponding shape functions for each node are 1;(x) and
@;(x). A linear polynomial interpolation function 1;(x) satisfying continuous conditions
which satisfy C°-continuity is used to approximate the unknown displacements u,, ¢, and
¢,. Meanwhile a Hermite-cubic polynomial interpolation function ¢;(x), which satisfy

C1-continuity condition is used to approximate wy,.

1.3.5. Elastic Foundation Models

Elastic foundation models are crucial in structural engineering for analyzing the
interaction between structures and their supports. Winkler, Pasternak, and Kerr models are
among the most commonly used to describe this interaction in beams.

The Winkler elastic foundation introduced in 1867, is a simplified model that
assumes a series of independent vertical springs (Winkler, 1967). Each spring supports a
small segment of the beam and behaves independently of the others. The model assumes a
linear elastic foundation behavior, where the beam deflection is directly proportional to the

applied load. This relationship can be mathematically expressed as (Winkler, 1967):
E, = k,w (20)

where F, is the foundation reaction, k,, is the Winkler constant, and w is the deflection of

the beam. The simplicity of the Winkler model makes it easy to use, but it has limitations,
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particularly in its neglect of shear interactions between soil elements. To address these
shortcomings, more advanced models have been developed.

The Pasternak model extends the Winkler model by introducing additional springs
that represent the shear interaction between adjacent supports (Pasternak, 1954). This is
achieved by adding shear layers that connect the vertical springs, allowing the foundation
to exhibit non-linear behavior and account for coupling effects between vertical and
horizontal deformations. The force induced by the Pasternak foundation is given by

(Pasternak, 1954):

d 2
Fy = kyw — k, (%) 21)

where k,, is the Pasternak constant. This model is more accurate than the Winkler model as
it considers the shear interactions, making it suitable for problems where the foundation
exhibits significant shear behavior.

Kerr Foundation is a three-parameter elastic model introduced in 1964 as a further
extension that aims to capture more complex interactions within the foundation (Kneifati,
1985). This model combines elements of both the Winkler and Pasternak models and
introduces two spring layers with different stiffnesses, connected by a shear layer. The

distributed reaction of the Kerr foundation model is defined as follows (Kneifati, 1985):

2
A= ()~ (i) (32) @)
kl + ku kl + ku 0x

where k,, is the stiffness of the upper layer, k, the stiffness of the spring layer, and k; is the

stiftness of the lower layer. The Kerr model offers a more accurate representation of
complex interactions within the foundation and can model both local and global
deformations. Figure 6 illustrates a schematic representation of the Winkler, Pasternak, and

Kerr models.
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———X  Shear layer(k,)

Winkler spring(#, j+— Winkler spring e

Upper layer (£.)e
Shear layer (k, h—— =

(c) Kerr Foundation

Figure 6. Schematic of elastic foundation models: (a) Winkler, (b) Pasternak, and (c) Kerr
(Kumar & Harsha, 2022)

1.4. Thesis Objectives

This research aims to comprehensively investigate the mechanical characteristics of
FGSBs with porous core resting on Winkler-Pasternak elastic foundations. The study
focuses on static, dynamic, and stability characteristics of three different beam
configurations featuring porous ceramic core, metallic core, and FG porous core, aiming to
provide an accurate understanding of the governing parameters. This research presents
quasi-3D-based theoretical frameworks that account for transverse shear and normal
deformations. Analytical models are formulated using the Navier and Ritz method.
Furthermore, a novel three-node higher-order FE model with five degrees of freedom per
node is introduced. To complement the theoretical models, a novel modeling technique is
developed using Ansys Mechanical APDL for FGSBs with porous core. To demonstrate the
accuracy and effectiveness of the proposed models, numerical examples are presented that
explore the influence of key parameters on the free vibration, buckling, and static response
of FGSBs wth porous core. These include transverse normal deformation, boundary
conditions, geometric properties, material properties, porosity characteristics, and

foundation parameters.
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1.5. Novelty and Contributions

The research aims to understand the combined effects of core porosity and elastic
foundation on the behavior of FGSBs by examining static, dynamic, and stability aspects.
This investigation utilizes quasi-3D theory to provide a more thorough understanding of
FGSBs behavior, addressing a significant gap in research where the application of quasi-
3D theories has been limited, particularly in FEM due to the C'-continuity challenges. To
address this limitation, this research formulates a new quasi-3D higher-order FE model to
accurately predict FGSB responses. Furthermore, the current research presents an
innovative computational methodology for accurately representing the gradual changes in
material composition within FGSBs, adhering to the exact mathematical equations
governing material distribution laws using Ansys Mechanical APDL.

This research is expected to yield valuable insights into the mechanical behavior of
FGSBs with porous cores, ultimately informing the design and optimization of these beams
for enhanced efficiency and cost-effectiveness in construction and various engineering
applications. The presented benchmark results can also be referenced for further research

in this field.

1.6. Thesis Structure

The dissertation comprises four chapters that meticulously outline the progression
and examination procedures. The arrangement is outlined below:

Chapter 1 begins with a general introduction that provides an overview of advanced
composites and their associated computational theories and methods. Then, it provides a
literature review of existing research on the mechanical analysis of FGP beams and FGP
sandwich beams. To guide the research direction, the chapter highlights the main research
gaps identified in the literature. The theoretical framework is then discussed, covering
commonly used gradation laws, porosity distributions, kinematic theories, and solution
methods in predicting their behavior, along with elastic foundation models. The main
objectives and contributions of the current research are then outlined.

Chapter 2 presents the theoretical framework and quasi-3D theory formulation,
including mathematical modeling and governing equations. The chapter also proposes

analytical models based on the Navier and Ritz methods. Furthermore, a novel three-node
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FE model with five degrees of freedom per node is introduced, along with a new modeling
technique using Ansys Mechanical APDL.

Chapter 3 presents numerical results from both analytical and numerical solutions,
validating the proposed models while investigating the influence of various parameters on
the mechanical responses of the beams.

Chapter 4 concludes the thesis by presenting the important findings of the research

and outlining potential directions for future investigations.



2. RESEARCH METHODOLOGY

2.1. Introduction

This chapter develops quasi-3D theory-based models for FGSBs with porous core
resting on a Winkler-Pasternak elastic foundation. The comprehensive theoretical
formulation, including mathematical modeling and governing equations, is detailed herein.
A power-law distribution governs the gradual variation of FG material properties through
the beam thickness. Three distinct porosity patterns are considered such as uniform,
symmetric, and asymmetric. Herein, analytical solutions using Navier and Ritz methods,
along with a novel three-node higher-order FE model are also developed. Furthermore, a
novel modeling technique using Ansys Mechanical APDL for FGSBs with porous core is

presented.

2.2. Governing Equations

Consider an FGSB consisting of three layers with a rectangular cross-section
(thickness h, width b, and length L ) as shown in Figure 7. The beam is supported by a
Winkler-Pasternak elastic foundation. The top and bottom faces are located at z = +h/2.
Three types of FGSBs are investigated: (i) Type A with FG face layers and a porous
ceramic core, (i1) Type B with FG face layers and a porous metal core, and (iii) Type C
with homogeneous face layers and an FG porous core. The beam's volume fractions and
material properties follow a power law distribution, as detailed in Section 1.3.1, resulting
in a gradual and continuous variation through its thickness. Three distinct porosity

configurations, as illustrated in Section 1.3.2, are considered in this study.
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ho
Pasternak shear layer, kp —)I | I — I I
Winkler spring, k,, % % % % % ;
]

Type B

Cross-section

Figure 7. Schematic of FGSBs with porous core on elastic foundation

The quasi-3D deformation theory's displacement field is presented as follows:

(x)

u(x,z,t) = uy(x)

w(x,z,t) = wo(x) + g(2)¢,(x)

where u and w represent the displacements in x- and z-directions. The displacements at

the beam's mid-plane are denoted by u, and w,. The shear slopes associated with the

transverse shear and normal deformations are represented by ¢, and ¢,, respectively.

g(2) = f'(2).The function f(z) denotes the shear shape function and is defined as:

473
f(Z)=Z—W

The strain field is formulated based on the strain-displacement relationship, as

detailed below.
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& = &0 — zk, + fel
& =9"(2)p,(x) (25)
Yez = 921y

where

¢
E&x =3 ky =—— g;:—, Vagz:qﬁy'i_a_xz (26)

The following represents the stress-strain relationship of the FG sandwich beam:

Ox Q11(2) Q13(2) 0 €x
0z ¢ =|0Q13(2) Q33(2) 0 €z (27)
Txz 0 0 Q55(Z) Vxz
where
E(2)
Q11(2) = Q33(2) = 1— 02
vE(2)
= 28
Q13(2) 1— 02 (28)
E(z)
Qs5(2) = 2040
where E is Young’s modulus and v is Poisson’s ratio.
The strain energy variation of the beam is defined as follows:
L
h/2
6U = f (0,06, + 0,06, + T, 0Vxz)dz dx
-h/2
" a6 026 aéyY (29)
Ug Wo x
= j (Nx Ox - M}c) Ox2 + M; Ox + Q§6¢z +sz5¢y
0

06,
+ QXZ ax )dx
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where the symbol & indicates the variational operator. N,, M2, M3, Q,, and QS are force

and moment resultants defined by:

h/2

N2 ME] = [ oLz, f(2))dz
—h/2
h/2
sz :f szg(Z)dZ (30)
—h/2

h/2
0s = f 0,9'(2)dz

—h/2

Substituting Egs. (23), (24), (26), and (27) into Eq. (29) yields,

ou, 2w, 610

Nx:Anﬁ By 522 + Ciq axy+D13¢z
du, 92w, do
M? =By — Y —As11 55 522 Bs11a_;+cs13¢z
du, 92w, ap,
Mg =Ci1—— o —Bsiin 5 522 + Ds11 5 e + Ei3¢, GD

ou, 92w, ¢,
Q7 =Di3—— e — Cs13 9x2 + Ei3 9 + F33¢,

0uz = Exs (0 + 52 )

where

[A11! Bll' C11'A511' BSllﬂ D.S‘lll F33]

h/2
= / Q1 (D1, 2,1 (2),2% 2f (2), f*(2), 9’ (2)]*]dz
—h/2
h/2 (32)
[D13,E13: Cs13] = , Q13(2)g' (21, f(2),z]dz
—h/2
h/2
Egss = Qs5(2)[g(2)]%dz

—h/2
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The kinetic energy variation can be stated as,

L
5K — .[‘h/z ( )<6u68u+6W66W)d p
B P2\t o "ot ar )
0

2

L
0%u, aw, ¢,
_j <11 52 —Izaxat2+l4 3e2 Sudx
0

L
0%u, 3w, 0%¢,\ 96w,
- -1 -1 d
+j < %z "l e ) o
. (33)
0%u, 3w, 9%,
+j <I‘* ez~ soxaez Tle g ) OPsx
0
" ik 0%¢
w
+j <11T20 +I7T22)5W0dx
0
" 02 %¢
w
0
where
h/2
[111 121131144 15,16, 171 18] = j p(z)[l,z,zz,f(z),zf(z),fz(z), g(z),gz(z)]dz (34)
~h/2
The potential energy variation due to an external axial force is given by,
2%w L
sV = f NOWZOSWde— fo qéwodx (35)
0

where N, and q represent the axial force and transverse load.
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The strain energy variation resulting from the elastic foundation can be written as

L
0w
6Up = — kww —k, Tz dwdx (36)
0

where k,, and k,, are the Winkler and Pasternak constants.
The governing differential equations of the proposed theory are obtained by applying

Hamilton's principle, which states:
T
f (6U + 6Up + 8V — 6K)dt = 0 (37)
0

Substituting Egs. (29), (33), (35), and (36) into Eq. (37), performing integration by parts,
collecting the resulting expressions into the same brackets of the coefficients of the
unknown displacement variables du,, 6wy, 6¢,, and §¢,, respectively, and setting each

bracket equal to zero, the following equations of motion can thus be obtained.

5u0: aNx —I azuo I 03W0 + 62¢y
ox Lt otz fot2ax  * ot

Swy:  0*MP d?w, d?(wy + god,)
ax2x+ 0 dxzo_q_kW(W0+g¢Z)+kp#+
03u, 0*w, 3¢, 2w, %,
=1 -1 i I I
23t20x 2 9c2ax2 | Sarzax T Moz T g¢2
, , (38)
6¢y: (')M,? —I a uo I 33W0 +1 a ¢y
Ox Oxz = Ia otz °ot29x | ° otz
5¢z: anz

dx?

d*(wo + go,
dx -I'g<_kw(WO-|'g()bz)-|'kp(V‘/o—gd))>_Qig

02w, 0%¢,
=1 ot2 s ot2
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2.3. Navier’s Solution

Navier's method provides the analytical solution for simply supported FG beams by
assuming the displacement variables in the form of a Fourier series as illustrated in Eq.
(17). Additionally, the transverse load q(x) is expressed as a Fourier series for a uniformly

distributed load g, in the form of

q(x) = Z %sin ax (39)
mn
m=1,3,5

Substituting Eq. (17) into Eq. (38), the following solution matrix for free vibration,

buckling, and static bending analysis is obtained:
[K — &M — N,G]A = {F} (40)

where K represents the stiffness matrix, M the mass matrix, G the geometric stiffness
matrix, F the vector of uniformly distributed load, and A the vector of unknown

coefficients. Explicit forms of these matrices are given by

41
11 —Iza 14 01 ( )
—La La*+l, —La I
M =
14_ _Isa 16 0
0 I; 0 Ig ]




where

35

0O 0 0 o0
0 a*> 0 0
G =
0 O 0 0
0 0O 0 O
(Um (9
Wy, 44
A= ’ F=smm 3
l/)xm 0
kl.[)sz \ o /
Ky, = A11“2, K, = —B11a3'
K3 = C11052: Kis = —Dy3a,

KZZ i A511a4 + A511a4 + kW + kpaz,

(42)
K3 = — Bsy10°, K4 = Csi3a® + g(ky, + kpa?),
Ks3 = (Dsj1a® + Esss),  Kzq = (Esss — Er3)a,

Ku4 = (Esssa® + F33) + g% (ky, + kpaz)

2.4. Ritz Solution

The Ritz method is formulated by applying the principle of total potential energy Il

which is defined as

N=U+Us+V—K (43)

where U denotes the strain energy, Ur is the strain energy due to elastic foundation, V

represents the potential energy, and K is the kinetic energy.
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The strain energy can be defined by

1 L h/2
U= 5 f f (048 + 0,6, + TyyVuz)dzdx (44)
0o J-ns2

The kinetic energy is given by

1 L h/2 ) )
K= Ef f p(2)(U% + W?)dzdx (45)
0 J-h/2

The potential energy resulting from an external axial force can be stated as

1 (Y awg)? "
_ 1 y 46
v zfo NO(@x) dx zfo qwydx (46)

The elastic foundation's strain energy is given by

1t w2
=— 2 4 — 47
Ur ZJ;) <kww k, <6x> >dx (47)

Polynomial series fulfilling the kinematic boundary conditions are used to define the
displacement functions as given in Eq. (18). Polynomial and exponential shape functions
satisfying different BCs, including simple supported (SS), clamped-clamped (CC), and

clamped-free (CF) are employed to obtain analytical solutions, as detailed in Table 2.

Table 2. Ritz method shape functions for various BCs

BCs lp](x) x=0 x =1L
X X .

ss p(1-g)e wo =0, ¢, =0 wo =0,¢, =0

o (PO ewn BTOMTOWT0 =0 =00
L L ¢y=09¢z=0 ¢y=0,¢z=0

CF (f)ze—fx/L to = 0.wo =0,w; =0 -
L ¢y=09¢z=0
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By substituting Eq. (18) into Eq. (43), the equations of motion can be derived using

Lagrange’s equation given by

d (omy_om _ i

where the generalized coordinate vector is represented by q; with an overdot indicating the

time derivative. The resulting mass, stiffness, geometric stiffness matrices, and unknowns

and force vectors are given by

K=k K K K
K14- K24 K34- K4-4-
Mll MlZ M13 M14
M12 M22 M23 M24
M =

(49)

G =
0 0 0 0
0 0 0 0
() (0
b
F;
A=<C>, F =< >
0
d
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where

L L
Kll(ijj) = Allf lpi,xx lpj,xxdx» Klz(i'j) = _Bllj l/)i,xx lpj,xxdxr
0 0
L L
Ki3(0,)) = C11f Yixx YjxxdX Ki4(,j) = Bsmf Yixx Yjdx
0 0
L L L
Ko, (1)) = Ellf Yixx W)oxx dx-l'kwj Y dx + kp] YixPjx dx
0 0 0
L
KZS(i:j) = _Dllf l/)i,xx l/)j,xxdx
0
L L L
Kaa i) = ~Cors [ Wi Wy vl | withydrrghy [ iy
0 0 0
L L
Ks33(i,)) = Fll.l- Vi xx l/)j,xxdx + AS5SJ. Yix l/Jj,xdx
0 0
L L
K34(i;j) — E513f l/)i,xx lpjdx + Asssj lpi,x lpj,xdx
0 0
L
Ky (i )) = Ds33f Y Yjdx
0
L L L (50)
+Asss [ i Vadrr gy [ Botdrtg?hy [ i
0 0 0
L L
My1(i,j) = I1J Yix Pjdx, My, (i,j) = _sz Yix Pjxdx,
0 0
L
Mis(o) = 1o [ o Mia(i) =0
0
L L
Mo ) = Iy [ Wby dx 1y [ Wity
0 0
L L
Mos (i) = =I5 [ itiads  Moulio)) =1 | 1y
0 0
L L
Mssl) = o [ Bithadn MsuG) =0 Masli) =T [ withdn
0 0
L
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0
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2.5. Novel Higher-Order Finite Element Model

A new higher-order FE model with three nodes, featuring a total of 15 degrees of
freedom (DOFs) as illustrated in Figure 8, is developed to analyze the mechanical behavior
of the beam. A linear polynomial interpolation function, 1;(x), is used to estimate the
displacement unknowns u,, ¢, and ¢,, while a Hermite-cubic polynomial interpolation
function ¢;(x) is used to approximate w,. The element's generalized displacements are as
expressed in Eq. (19). The corresponding shape functions for each node are y;(x) and

@;(x), which are given as follows:

Figure 8. Three-node beam element

Py =1— 3+ 282

P, = 48 — 487
s = —§+ 287
0, = 1— 2362 + 663 — 68* + 2465
@, = LE(1 — 68 + 1382 — 1283 + 4&%) (51)

@3 = 1687 — 3263 + 16§*
@4 = LE(—8E + 3262 — 4083 + 166%)
Qs = 7E2 — 343 4+ 528* — 24¢5
@6 = L§(—§ +58% —88% +48%)

where

(52)

o~ R
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The FE model leverages the same energy formulations expressed in Eqs. (43)—(48) for
deriving the equations of motion, as described in the Ritz method (Section 2.4). The
general solution matrix in Eq. (40) for mechanical analysis is obtained by substituting Eq.
(19) into Eq. (43) and applying it in Eq. (48), following the same matrix formulation as in

the Ritz method. The matrix components K, M, N, and F are defined as follows:

L
K, (i,j) = A11J Yix l/)j,xdx
0
L
K, (0,)) = —B11f Yix <Pj,xxdx
0
L
Ki3(i,j) = C11j Yix ¢j,xdx
0
L
Ki4(i,j) = Bs13f Yix t/dex
0

L

1L I
Kzz(i;j) = Ellf PixxPjxx dx"'kwj PiP; dx + kpj PixPjx dx
0 0 0

L
Ky3(i,)) = —D11f Pixx l/Jj,xdx
0

L

L L
K24(i;j) = _CSI3J Pixx lledX +gkwj Pi lpjdx+gkpf Pix wj,xdx
0 0 0 53)
L L (
Kasi) = Fuo [ Wity + Asss | iy
0 0
L L
K3,(i,7) = Es13] Yix Pidx + Asssj Y ) dx
0 0
L
Ky (i,)) = Ds33f Y, llfjdx
0
L L L
+A555f lpi,x lpj,xdx'i'gzkwf 1/)1' wjdx'i'gzkpf l/)i,x lpj,xdx
0 0 0
L
M1 (i) = I1f Y, 'ul’jdx
0

L
My, (i, )) = —sz Y; (Pj,xdx
0

L
My3(i,)) = I4J Y Pjdx
0
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M14(i»j) = M34(i,j) =0
L L
My, (i,j) = 11[ pipjdx + 13f PixPjxdx
0 0

L

Mm@D=—%f%x%M
0
L
My3(i, ) = —Isf Pix 1/)jdx
0
L

My, (i,)) =1, JO @; Pjdx (53)

L
Ms3(i,)) = I6f Y Ppjdx
0

L
My, (i, j) = ISJ Y Pjdx
0

L
Ny, (i,j) = Nof PixPjx dx
0

L
a@=jq%m
0

2.6. Computational Modeling of Material Gradation Using Ansys APDL

In recent decades, the FEM has garnered considerable attention among the
computational methods for the analysis of FGSBs. The approach involving layerwise
gradation is identified as the leading computational modeling strategy for FG sandwich
structures in Ansys or other FE software. (Al-Itbi and Noori, 2022; Demir et al., 2013;
Grygorowicz et al., 2015; Njim et al., 2022; Soltani and Asgarian, 2019). However, this
approach contradicts the fundamental concept of functional gradation, which implies a
continuous variation of material properties. This study addresses this gap by introducing a
novel computational approach in Ansys Mechanical APDL, enabling the effective
modeling of gradually varying properties in FG sandwich structures like beams and plates
through direct implementation of material distribution laws.

The modeling of FGSBs with porous core is conducted using Ansys Mechanical
APDL by utilizing User-Defined Field (UDF) functionalities. The UDF variables can be

customized to suit the initial state of the model, including the initial coordinates of the
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nodes. FGSBs can be effectively modeled by relating their gradually varying properties
with the coordinates within the UDF. This technique facilitates the continuous assignment
of properties throughout the geometry's nodes based on the power law distribution. By
implementing this approach, the gradual change in material properties across the thickness
can be precisely represented using both 3D solid and 2D plane elements.

In this study, the SOLID186 element is employed to model the beams. SOLID186 is
a higher-order, 3D element with 20 nodes and three DOF per node, demonstrating
quadratic displacement behavior. The modeling methodology employs a collection of
custom-developed APDL scripts, each designed to handle a specific stage of the process. In
this framework, a script, referred to as a macro file, is essentially a user-defined function
that encapsulates a set of APDL commands tailored to perform a particular task. These
scripts are systematically arranged in a centralized repository, known as a macro library.
After configuring the library to be recognized by the system, any individual script herein
can be executed simply by invoking its assigned name.

The developed macro code starts by defining the main input parameters such as
material properties, geometric parameters, the power-law index, and porosity parameters.
Following parameter definition, the solid volumetric representation of the FGSB with
porous core is constructed by employing the Block command, as depicted in Figure 9. As a
next step, effective material properties are defined, incorporating the power law
distribution by creating a macro function mat FG that takes the vertical coordinate
y_coord as an argument as given in Algorithm 1. The FG properties are then assigned
programmatically through a loop structure facilitated by the *DO commands followed in
Algorithm 2.

The *Use command is employed to invoke another macro tasked with implementing
the power law criteria. Within the loop, the iterative process traverses through the elements
in the z-direction, with each iteration assigning the requisite parameters to individual

elements, considering the element length as an argument.
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Figure 9. The meshing of an example beam in Ansys using APDL property

Algorithm 1. Defining FG sandwich beam with the porous core in Ansys APDL

*CREATE, mat_FG
y_coord = ARG1
"ub
IEP = (1 —e0*a0)
IDP = SQRT(1 — e0*a0)
ISD
EP =1 - e0*(COS(PI*y_coord/(h2 — h1)))
DP =1 - e1*(COS(PI*y_coord/(h2 — h1)))
IASD
IEP = 1 — e0*(COS((PI*y_coord)/(2*(h2 — h1)) + Pl/4))
IDP =1 — e1*(COS((PI*y_coord)/(2*(h2 — h1)) + Pl/4))
*IF, y_coord, GE, h0, AND, y_coord, LE, h1, THEN
V = ((y_coord — h0) / (h1 —h0))**p
E FG=(E_c—E_m)*V+E_m
den_FG = (dens_c — dens_m)*V + dens_m
*ELSEIF, y_coord, GE, h1, AND, y_coord, LE, h2, THEN
V=1
E_FG=((E_c—E_m)*V + E_m)*EP
den_FG = ((dens_c —dens_m)*V + dens_m)*DP
*ELSE
V = ((y_coord—h3) / (h2 — h3))**p
E FG=(E_c—E_m)*V+E_m
den_FG = (dens_c —dens_m)*V + dens_m
*ENDIF
*END !mat_FG
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Algorithm 2. Implementation of FG properties in Ansys APDL

! FG MATERIAL PROPERTIES
length_e_y =0.002
ele_ numb_y=1/length e y
locy =-0.5
COUNTER =1
*DO, j, 1, ele_numb_y+ 1,1
y_coord =locy + (j— 1) * length_e_y
*USE, mat_FG, y_coord
MP, EX, COUNTER, E_FG
MP, PRXY, COUNTER, n
MP, DENS, COUNTER, den_FG
ESEL, S, CENT, Y, locy + (j— 1) * length_e_y, locy +j * length_e_y
EMODIF, ALL, MAT, COUNTER
ESEL, ALL
COUNTER = COUNTER + 1
*ENDDO

The porosity distribution patterns are defined and implemented in the core layer of
the beam. Then, for meshing, the SOLID186 element is selected to accurately model the
gradual property change across the FGSB thickness. To optimize control over mesh quality
and size, the LSEL and LESIZE commands are used.

Finally, boundary conditions are imposed on the beam's edges, considering the
model's 3D representation. CC and CF boundary conditions are applied. Uniformly
distributed surface load and axial force are applied for static and buckling analysis.
Subsequently, the mechanical characteristics of the solid model, computed after boundary
condition and load applications, are extracted for comparison with those obtained using the

developed finite element model, as well as available literature.



3. NUMERICAL RESULTS AND DISCUSSION

3.1. Introduction

This chapter presents numerical examples to validate the proposed models’ accuracy,
investigating the effects of elastic foundation and core porosity on natural frequencies,
buckling load, and static behavior of FGSBs. The influence of several parameters,
including power-law index, geometry, boundary conditions, foundation properties, and
porosity, on the mechanical characteristics of FGSBs is thoroughly investigated by a
parametric study. The material properties used in the study are ceramic (Alumina) with
E. = 380 GPa, p, = 3960 kg/m3, v, = 0.3 and metal (Aluminum) with E,, = 70 GPa,
Pm = 2702 kg/m3, v,, = 0.3. As illustrated in Table 2, three different boundary
conditions including simply-supported (SS), clamped-clamped (CC), and clamped-free
(CF) are taken into account. This study utilizes nondimensional forms for various
parameters including natural frequency, critical buckling load, displacement, normal and
shear stresses, and elastic foundation parameters, facilitating analysis and comparison as in

the following.

C_ol o o 12Nl 100E,R )
h Em ) cr Emh3 ) qL4 0 )
O_'x = q—LUx(XO; Z); 0_-2 = q_LO-z(XO'Z)' O_—xz = q_LO-xz(XOIZ) (54)
12k, L* 12k, L?
KW = = ) Kp = -
E,h3 Eh3

where @, N,,, w denote the nondimensional natural frequency, critical buckling load, and
vertical displacement, respectively. Similarly,o,, ,, 0., represent the axial, vertical, and
shear stresses, respectively. The point x, specifies the location where the corresponding
quantity is evaluated. The parameters K, and K, are nondimensional foundation

parameters.
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3.2. Free Vibration and Buckling Analysis of FGSBs with Navier Method: A
Validation Study

This section validates the proposed quasi-3D theory for simply supported FGSBs
without an elastic foundation (K,, = K,, = ¢, = 0) through free vibration and buckling
analysis using a Navier-type analytical solution. The nondimensional fundamental natural
frequencies and critical buckling loads of Type A (hardcore) and Type B (softcore) FGSBs
are compared in Tables 3-6. The results are benchmarked against previous studies based on
HSDT (Vo et al., 2014) and two different quasi-3D theories (Nguyen et al., 2016; Vo et al.,
2015a). The present theory shows remarkable concordance with previous investigations
that incorporate the impacts of transverse normal deformation phenomena. For Type B
beams, comparisons are made only with HSDT due to the lack of available quasi-3D
theory results in the literature. The slight differences observed with HSDT are attributed to
the transverse normal stress of the present theory, which is neglected in HSDT.
Incorporating transverse normal stress generally leads to higher results, highlighting its
significance. Additionally, the tables show that an increase in the power-law index reduces
the fundamental frequencies and critical buckling loads for Type A beams while increasing
them for Type B beams. This behavior is attributed to the changing metal-to-ceramic ratio.
A higher power-law index increases the metal fraction in hardcore configurations, making
the beams more flexible. Conversely, in softcore configurations, it increases the ceramic
fraction, enhancing rigidity.

Figures 10 and 11 illustrate the influence of the power-law index and skin-to-core
thickness ratio on fundamental natural frequencies and critical buckling loads. The findings
indicate that the skin-core-skin thickness ratios of 1-0-1 and 1-2-1 provide, respectively,
the maximum and minimum values of the fundamental natural frequencies and critical
buckling loads for Type A and vice versa for Type B. Moreover, the plots reveal that the
fundamental natural frequencies and critical buckling loads of Type A beams decrease with
increasing power-law index and decreasing core thickness, whereas the opposite trend is
evident for Type B beams. These observed trends are attributable to variations in bending
stiftness, which exhibit an increase in core thickness and power-law index for Type A

beams while demonstrating a decrease for Type B beams.
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Table 3. Nondimensional fundamental natural frequencies for Type A beams

b Theory L/h=5 L/h = 20
10-1  2-12  1-1-1 121 1-0-1  2-12  1-1-1  1-2-1

0  Present 51616 5.1616 5.1616 5.1616 54610 54610 54610 5.4610
HSDT! 51528  5.1528  5.1528  5.1528 54603 54603 54603  5.4603
Quasi-3D' 51620 5.1620  5.1620  5.1620 54611 54611 54611  5.4611
Quasi-3D’ 51618  5.1618 5.1618 51618 54610 54610 54610  5.4610
0.5 Present 41342 42427 43381 44879 43153 44295 45330  4.6985
HSDT! 41268 42351 43303 44798 43148 44290 45324  4.6979
Quasi-3D" 41329 42417 43373 44874 43137 44284 45321  4.6979
Quasi-3D? 41344 42429 43383 44881 43153 44296 45330  4.6985

1 Present 3.5801  3.7367 3.8828  4.1183  3.7151 3.8773  4.0333  4.2895
HSDT! 3.5735  3.7298  3.8755  4.1105 3.7147 3.8768 4.0328  4.2889
Quasi-3D' 3.5804  3.7369  3.8830  4.1185 3.7153 3.8774 4.0334 42896
Quasi-3D’ 3.5803  3.7369  3.883  4.1185 3.7152 3.8773  4.0333  4.2895

2 Present 3.0736  3.2425 34255 37408  3.1768 33469  3.5394  3.8774
HSDT' 3.0680 3.2365 34190 3.7334  3.1764 33465 3.5389  3.8769
Quasi-3D' 3.0739  3.2428 34258  3.7410  3.1769 33471 35395  3.8775
Quasi-3D 3.0737  3.2427 34257 37410  3.1785 3.3488 35413 3.8793

5 Present 27492 2.8487  3.0236  3.3839 28443 29314  3.1115  3.4926
HSDT! 27446  2.8439  3.0181 33771 28439 29310 3.1111  3.4921
Quasi-3D' 27497  2.8491  3.0239  3.3840 28444 29315 3.1116  3.4927
Quasi-3D? 27493 2.8480  3.0238  3.3840 2.8443 29314  3.1115  3.4926

10  Present 26977 2.7398  2.8858 32421 28045 28191 29665 3.3411
HSDT! 26932  2.7355 2.8808  3.2356 2.8041 2.8188 2.9662  3.3406
Quasi-3D' 2.6982  2.7402  2.8862 32423 28046 28192 29666 33412

Quasi-3D’ 2.6978  2.7400  2.8860  3.2422  2.8045 2.8191 29665  3.3411

HSDT' (Vo et al., 2014); Quasi-3D' (Nguyen et al., 2016); Quasi-3D” (Vo et al., 2015a)

Table 4. Nondimensional fundamental natural frequencies of Type B beams

L/h=5 L/h =20
p Theory
1-0-1 2-1-2 1-1-1 1-2-1 1-0-1 2-1-2 1-1-1 1-2-1
0 Present  2.6819  2.6819  2.6819  2.6819  2.8375 2.8375 2.8375 2.8375

HSDT' 2.6773 2.6773 2.6773 2.6773 2.8371 2.8371 2.8371 2.8371
0.5 Present 4.4501 43115 4.1904 3.9979 4.8585 4.7466 4.6300 4.4165
HSDT' 4.4427 4.3046 4.1839 3.9921 4.8579 4.7460 4.6294 4.4160

1 Present 4.8612 4.7260 4.5935 4.3730 5.2997 5.2224 5.1167 4.8944
HSDT' 4.8525 4.7178 4.5858 4.3663 5.2990 5.2217 5.1160 4.8938
2 Present 5.1040 5.0063 4.8828 4.6536 5.5247 5.5120 5.4418 5.2452

HSDT' 5.0945 4.9970 4.8740 4.6459 5.5239 5.5113 5.4410 5.2445
5 Present 5.1976 5.1703 5.0799 4.8650 5.5653 5.6391 5.6250 5.4851
HSDT' 5.1880 5.1603 5.0703 4.8564 5.5645 5.6382 5.6242 5.4843
10 Present 5.1942 5.2066 5.1400 4.9416 5.5309 5.6460 5.6629 5.5583
HSDT' 5.1848 5.1966 5.1301 4.9326 5.5302 5.6452 5.6621 5.5575

HSDT' (Vo et al., 2014)
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Table 5. Nondimensional critical buckling loads of Type A beams

» Theory L/h=5 L/h =20
1-0-1 2-1-2 1-1-1 1-2-1 1-0-1 2-1-2 1-1-1 1-2-1
0 Present 49.5906 49.5906 49.5906 49.5906 53.3145 53.3145 53.3145 53.3145
HSDT! 48.5959  48.5959 48.5959 48.5959 53.2364 53.2364 53.2364 53.2364
Quasi—3Dl 49.5970 49.5970 49.5970 49.5970 53.3175 53.3175 53.3175 53.3175
Quasi—3D2 49.5906 49.5906 49.5906 49.5906 49.5906 53.3145 53.3145 53.3145
0.5 Present 28.4623 30.6824 32.5698 35.5155 29.7625 32.1021 34.1379 37.3724
HSDT! 27.8574 30.0301 31.8784 34.7653 29.7175 32.2629 34.0862 37.3159
Quasi—3Dl 28.4407 30.6650 32.5547 35.5032 29.7410 32.0853 34.1242 37.3626
Quasi—3D2 28.4624  30.6825 32.5699 35.5156 29.7626 32.1022 34.1380 41.8227
1 Present 20.0894 22.7065 25.1075 29.0755 20.7530 23.4572 25.9989 30.2774
HSDT! 19.6525 22.2108 24.5596 28.4447 20.7212 23.4211 25.9588 30.2307
Quasi—3D' 20.0899 22.7061 25.1060 29.0723 20.7541 23.4584 26.0001 30.2785
Quasi—3D2 20.7425 22.7065 25.1075 29.0755 20.7530 23.4572 25.9989 30.2774
2 Present 13.8838 16.2761 18.7772 23.3042 14.2190 16.6307 19.2299 24.0276
HSDT! 13.5801 15.9152 18.3587 22.7863 14.1973 16.6050 19.3116 23.9900
Quasi—3D' 13.8852 16.2761 18.7756 23.3002 14.2199 16.6317 19.2309 24.0284
Quasi—3D2 13.8839 16.2761 18.7772 233042 14.2190 16.6307 19.2299 24.0276
5 Present 10.3673 11.9301 14.0352 18.5092 10.6330 12.1068 14.2505 18.9172
HSDT! 10.1460 11.6676 13.7212 18.0914 10.6171 12.0883 14.2284 18.8874
Quasi—3D' 10.3708 11.9320 14.0352 18.5058 10.6341 12.1078 14.2515 18.9180
Quasi—3D2 10.3673 11.9301 14.0353 18.5092 10.6330 12.1068 14.2505 18.9172
10  Present 9.6535 10.7689 12.5393 16.7574 9.9994 10.9239 12.7014 17.0712
HSDT! 9.4515 10.5348 12.2605 16.3783 9.9847 109075 12.6819 17.0443
Quasi-3D' 9.6573 10.7715  12.5402 16.7550 10.0003 109246 12.7023 17.0723
Quasi—3D2 9.6535 10.7689 12.5393 16.7574 9.9995 10.9239 12.7014 17.0712
HSDT' (Vo et al., 2014); Quasi-3D' (Nguyen et al., 2016); Quasi-3D” (Vo et al., 2015a)
Table 6. Nondimensional critical buckling loads of Type B beams
> Theory L/h=5 L/h =20
1-0-1 2-1-2 1-1-1 1-2-1 1-0-1 2-1-2 1-1-1 1-2-1
0 Present 9.1351 9.1351 9.1351 9.1351 9.8211 9.8211 9.8211 9.8211
HSDT! 8.9519 8.9519 8.9519 8.9519 9.8067 9.8067 9.8067 9.8067
0.5 Present 28.9557 264203 24.4839 21.7615 33.2659 30.8982 28.8571 25.6412
HSDT! 28.4280  25.9503 24.0540 21.3821 33.2187 30.8546  28.8167 25.6086
1 Present  36.8893 33.4917 30.7778 26.9366 42.2413 39.4682 36.8962 32.6255
HSDT! 36.2103  32.8974 30.2449 26.4801 42.1810 394124 36.8445 32.5803
2 Present 43.2667  39.5732 36.3395 31.5445 48.7919  46.2696 43.6024  38.7731
HSDT! 42.4501 38.8589 35.7058 31.0152  48.7215 46.2035 43.5408 38.7192
5 Present 47.5776 44.3595 41.0572 35.6386  52.4419 50.8343  48.5858  43.8252
HSDT! 46.6504 43.5338  40.3235 35.0357 52.3655 50.7608 48.5163  43.7637
10 Present  48.7461 459842  42.8470 37.3250 53.1108 52.0560 50.1623 45.6685
HSDT! 47.7825 45.1141 42.0693 36.6874 53.0331 51.9804 50.0902  45.6040

HSDT' (Vo et al., 2014)
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Figure 10. Effect of skin-core-skin thickness ratios on fundamental natural frequencies of
FGSBs (L/h=5)
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Figure 11. Effect of skin-core-skin thickness ratios on critical buckling loads of FGSBs

(L/h=5)

3.3. Free Vibration and Buckling Analysis of FGSBs with Porous Core Resting
on Elastic Foundation Using Ritz Method

3.3.1. Convergence and Validation Study

First, free vibration and buckling analyses of FGSBs without elastic foundation (K,

= K, = e = 0) are performed to demonstrate the accuracy of the Ritz solution. In solution,
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Type A and Type C beams are considered under different boundary conditions. Tables 7
and 8 evaluate the convergency by comparing results with existing studies and adjusting
the number of terms in displacement functions. The results demonstrate strong agreement
with previous studies, confirming the accuracy of the proposed method. Rapid convergence
for SS beams is achieved with only six polynomial terms for both fundamental natural
frequencies and critical buckling loads. In contrast, with CC and CF boundary conditions, a
polynomial expansion of ten terms yields consistent outcomes. To ensure accuracy, a

polynomial expansion with 12 terms is used in the entire analysis.

Table 7. Convergence study of fundamental natural frequencies of the beams

ol Number of L/h=5 L/h =20
terms SS CC CF SS CC CF

Type A 2 5.7211 10.5892 1.9446 6.1120 12.7199 1.9904
4 5.1631 10.3361 1.9232 5.4627 12.5089 1.9676
6 5.1616 10.2375 1.9158 5.4610 12.4158 1.9572
8 5.1616 10.2004 1.9083 5.4610 12.3620 1.9551
10 5.1616 10.1905 1.9060 5.4610 12.3287 1.9535
12 5.1616 10.1889 1.9053 5.4610 12.2689 1.9529
14 5.1616 10.1889 1.9051 5.4610 12.2678 1.9525
HSDT! 5.1528 10.0726 1.8953 5.4603 12.2243 1.9496
Quasi-3D1 5.1618 10.1851 1.9055 5.4610 12.2660 1.9527
Quasi-3D2 5.1620 10.1790 1.9053 5.4611 12.2756 1.9530

Type C 2 4.5545 8.7409 1.9237 4.7760 9.9450 1.9814
4 4.1151 8.5570 1.5385 4.2884 9.7972 1.5848
6 4.0996 8.4879 1.5176 42713 9.7343 1.5631
8 4.0996 8.4609 1.5064 42713 9.6977 1.5425
10 4.0996 8.4536 1.5022 42713 9.6751 1.5316
12 4.0996 8.4525 1.4976 42713 9.6545 1.5254
14 4.0996 8.4521 1.4967 42713 9.6537 1.5247
HSDT! 4.0691 8.3282 1.4840 4.2445 9.5451 1.5145
Quasi-3D? 4.0996 8.4529 1.5001 42711 9.6404 1.5264

HSDT' (Vo et al., 2014); Quasi-3D" (Vo et al., 2015a); Quasi-3D’ (Nguyen et al., 2016)
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Table 8. Convergence study of nondimensional critical buckling loads of the beams

Beam Number of L/h=5 L/h =20
terms SS CC CF SS CC CF

Type A 2 59.9462  169.0097  13.5748  65.7932  237.5850  13.9360
4 49.6171 160.906 13.2311  53.3455  215.8920  13.4785
6 49.5906  160.4934  13.1624  53.3145  213.4197 13.4434
8 49.5906  160.3466  13.1281  53.3145  212.3458  13.4152
10 49.5906  160.2947  13.1212  53.3145  211.7269  13.4082
12 49.5906  160.2827  13.1178  53.3145  211.2154  13.3994
14 49.5906  160.2826 13.116  53.3145  210.7338  13.3986
HSDT' 48.5964  152.1588  13.0595 53.2364 2089515  13.3730
Quasi-3D' 49.5906 160.278 13.1224  53.3145 210.742 13.3981
Quasi-3D’ 49.5970  160.3064  13.1138  53.3175  210.7774  13.3993

Type C 2 349926  106.5478 7.7762  36.9892  133.6806 7.9017
4 28.9944  100.9301 7.5179  30.2468  121.9511 7.6237
6 28.7881  100.6826 7.4875  30.0195  120.7138 7.5542
8 28.7881  100.5983 7.4571 30.0195  120.1792 7.5464
10 28.7881  100.5701 7.4419  30.0195  119.8711 7.5387
12 28.7881  100.5629 7.4267  30.0195  119.7826 7.5310
14 28.7881  100.5588 7.4236  30.0195  119.6879 7.5279
HSDT' 27.9314 94.6117 7.3149  29.6120  117.0384 7.4254
Quasi-3D’ 28.7884  100.5883 7.4344  30.0168  119.4172 7.5312

HSDT' (Vo et al., 2014); Quasi-3D' (Vo et al., 2015a); Quasi-3D* (Nguyen et al., 2016)

A comparison of fundamental natural frequencies and critical buckling loads of

FGSBs is presented in Tables 9-12. Comparison of Ritz solution results with existing

HSDT (Vo et al., 2014) and two different Quasi-3D theories (Nguyen et al., 2016; Vo et al.,

2015a) demonstrated excellent agreement, similar to the Navier solution, confirming the

accuracy of the proposed theory.

For the sake of completeness, Tables 13 and 14 display the first three natural

frequencies of 1-2-1 configured FGSBs. The consideration of normal strain effects leads to

higher results. This observation underscores the significance of incorporating the normal

strain effect.
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Table 9. Fundamental natural frequencies of Type A beams

p

L/h BC Theo
/ v 0 0.5 1 2 5 10
5 SS  Present 5.1616 4.4879 4.1183 3.7408 3.3839 3.2421
HSDT! 5.1528 4.4791 4.1105 3.7334 3.3771 3.2357
Quasi—3D1 5.1620 4.4874 4.1185 3.7410 3.3840 3.2423
Quasi-?»D2 5.1618 4.4881 4.1185 3.7410 3.3840 3.2422
CC Present 10.1889 9.1035 8.4730 7.8074 7.1602 6.8978
HSDT! 10.0726 8.9969 8.3747 7.7149 7.0723 6.8119
Quasi-3D' 10.1790 9.0924 8.4653 7.8008 7.1550 6.8934
Quasi—3D2 10.1851 9.1036 8.4752 7.8114 7.1652 6.9030
CF Present 1.9053 1.6470 1.5073 1.3651 1.2298 1.1795
HSDT! 1.8953 1.6383 1.4993 1.3582 1.2258 1.1734
Quasi—3D1 1.9053 1.6467 1.5071 1.3653 1.2323 1.1798
Quasi-3D? 1.9055 1.6474 1.5075 1.3658 1.2329 1.1804
20 SS  Present 5.4610 4.6985 4.2895 3.8774 3.4926 3.3411
HSDT! 5.4603 4.6972 4.2889 3.8769 3.4921 3.3406
Quasi-3D' 5.4611 4.6979 4.2896 3.8775 3.4927 3.3412
Quasi—i*}D2 5.4610 4.6985 4.2895 3.8774 3.4926 3.3411
CC Present 12.3091 10.6204 9.7091 8.7877 7.9246 7.5841
HSDT! 12.2243 10.5455 9.6419 8.7268 7.8696 7.5315
Quasi—3D1 12.2756 10.5924 9.6866 8.7690 7.9092 7.5700
Quasi-3D? 12.2660 10.5842 9.6768 8.7593 7.9000 7.5609
CF Present 1.9529 1.6800 1.5331 1.3857 1.2480 1.1938
HSDT! 1.9496 1.6764 1.5304 1.3831 1.2456 1.1915
Quasi-3D' 1.9530 1.6796 1.5335 1.3860 1.2484 1.1943
Quasi—3D2 1.9527 1.6794 1.5329 1.3855 1.2478 1.1937

HSDT' (Vo et al., 2014); Quasi-3D' (Vo et al., 2015a); Quasi-3D” (Nguyen et al., 2016)
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Table 10. Fundamental natural frequencies of Type C beams

L/h  BC Theo
/ v 0 0 0 0 0 0
5 SS  Present 4.0996 3.8439 3.7165 3.6112 3.5512 3.5417
HSDT! 4.0691 3.7976 3.6636 3.553 3.4914 3.483
uasi-3D! 4.0996 3.8438 3.7172 3.6119 3.5513 3.5413

Q
CC Present 8.4525 7.8932 7.5894 7.2903 7.0071 6.8818
HSDT! 8.3282 7.7553 7.4487 7.1485 6.8702 6.7543
Quasi-3D' 8.4529 7.8924 7.5904 7.2898 7.0032 6.8757
CF Present 1.4977 1.4054 1.3579 1.3247 1.3085 1.3087
HSDT! 1.484 1.3865 1.3393 1.3022 1.2857 1.2867
Quasi-3D' 1.5001 1.4076 1.3627 1.3273 1.3113 1.3118
20 SS  Present 42713 4.0146 3.8916 3.7995 3.7702 3.7826
HSDT! 4.2445 3.9695 3.8387 3.7402 3.7081 3.7214
Quasi-3D' 42711 4.0143 3.8923 3.8003 3.7708 3.7831
CC Present 9.6546 9.0658 8.7809 8.5613 8.4741 8.488
HSDT' 9.5451 8.9243 8.6264 8.3959 8.3047 8.3205
Quasi-3D' 9.6404 9.0524 8.7701 8.5509 8.4627 8.4755
CF Present 1.5255 1.4337 1.3897 1.357 1.3469 1.3516
HSDT! 1.5145 1.4165 1.37 1.335 1.3241 1.3292
Quasi—3D1 1.5264 1.4344 1.3907 1.358 1.3478 1.3525

HSDT! (Vo et al., 2014); uasi-3D' en et al., 2016
guy
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Table 11. Critical buckling loads of Type A beams

p
L/h BC Theo
/ v 0 0.5 1 2 5 10
5 SS Present 49.5906 35.5156  29.0755 23.3042 18.5092 16.7574
HSDT! 48.5964 34.7546  28.4440 22.7859 18.0915 16.3789
uasi- . . . . . .

Quasi 3D! 49.5970 35.5032 29.0723 23.3002 18.5058 16.7550

Quasi-?»D2 49.5906 35.5156  29.0755 23.3042 18.5092 16.7574

CC Present 160.2823  120.8531 101.5976 83.5970 68.0331 62.1798
HSDT! 152.1588 114.1312 95.7230 78.5570 63.7847 58.2532

Quasi-3D' 160.3064 120.7931 101.5703 83.5671 68.0098 62.1634

uasi- . . . . . .

Quasi 3D’ 160.2780 120.8630 101.6130 83.6159 68.0510 62.1959

CF Present 13.1178 9.2495 7.5009 5.9643 4.7067 4.2529
HSDT! 13.0595 9.1913 7.4638 5.9347 4.6806 42268

Quasi—i*}D1 13.1138 9.2289 7.4948 5.9601 4.7028 4.2480

Quasi-3D? 13.1224 9.2404 7.5028 5.9674 4.7088 4.2533

20 SS Present 53.3145 37.3725 302774 24.0276 189172 17.0712
HSDT! 53.2364 37.3054 30.2306 239899 18.8874 17.0445

Quasi-3D' 53.3175 37.3626 30.2785 24.0284 189180 17.0723

Quasi—3D2 53.3145 41.8227 30.2774 24.0276 189172 17.0712

CC Present 210.9101 148.9308 120.5266 95.5647 75.8993 68.3893
HSDT! 208.9515 147.0614 119.4215 949558 74.8903 67.6281

Quasi—3D1 210.7774 148.4165 120.5619 95.8941 75.6538 68.3252

Quasi-3D? 210.7420 148.4130 120.5090 95.8403 75.6019 68.2737

CF Present 13.3994 9.3805 7.5979 6.0267 4.7436 4.2801
HSDT! 13.3730 9.3607 7.5815 6.0134 4.7323 4.2698

Quasi-3D' 13.3993 9.3806 7.5986 6.0278 4.7443 4.2809

Quasi—3D2 13.3981 9.3815 7.5965 6.0257 4.7423 4.2789

HSDT' (Vo et al., 2014); Quasi-3D' (Vo et al., 2015a); Quasi-3D” (Nguyen et al., 2016)
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Table 12. Critical buckling loads of Type C beams

p

L/h BC Theo
/ o 0 0 0 0 0 0
5 SS  Present 28.7881 23.8572 21.6294 19.7893 18.5216 18.1383
HSDT! 27.9314 22.9869 20.7762 18.9588 17.7320 17.3775
Quasi-3Dl 28.7884 23.8554 21.6374 19.7957 18.5212 18.1329
CC  Present 100.5629  82.4770 73.9112 66.1354 59.3243 56.4987
HSDT! 94.6117 77.5129 69.4877 62.2249 55.9446 53.3734
Quasi-3Dl 100.5883 82.4783 73.9348 66.1308 59.2628 56.4049
CF  Present 7.4419 6.1872 5.6280 5.1823 49148 4.8580
HSDT! 7.3149 6.0286 5.4629 5.0154 4.7534 4.7024
Quasi-3D1 7.4344 6.1836 5.6304 5.1884 4.9228 4.8658
20 SS  Present 30.0195 24.9952 22.7720 21.0254 20.0317 19.8573
HSDT! 29.6120 24.4140 22.1386 20.3581 19.3639 19.2058
Quasi-3D1 30.0168 24.9914 22.7796 21.0343 20.0386 19.8622
CC  Present 119.7827  99.5671 90.5848 83.4516 79.1967 78.3045
HSDT! 117.0384  96.4573 87.4069 80.2465 76.0539 75.2379
Quasi-3Dl 119.4172  99.2742 90.3696 83.2627 79.0045 78.0989
CF  Present 7.5310 6.2704 5.7129 5.2760 5.0305 4.9898
HSDT! 7.4254 6.1225 5.5529 5.1084 4.8634 4.8269
Quasi-3Dl 7.5312 6.2702 5.7160 5.2800 5.0345 4.9934

HSDT' (Vo et al., 2014); Quasi-3D' enetal., 2016
guy

Table 13. Comparison of first three natural frequencies in Type A beams

Mode BCs Theory P
0 0.5 1 2 5 10
1 SS  Present 5.1616 4.4879 4.1183 3.7408 3.3839 3.2421
HSDT' 5.1528 4.4798 4.1105 3.7334 3.3771 3.2356
CC  Present 10.1889 9.1035 8.4730 7.8074 7.1602 6.8978
HSDT' 10.0678 8.9942 8.3705 7.7114 7.0691 6.8087
CF  Present 1.9053 1.6491 1.5076 1.3644 1.2298 1.1765
HSDT' 1.8953 1.6383 1.4993 1.3582 1.2258 1.1734
2 SS  Present 17.9716 15.9653 14.8131 13.6019 12.4251 11.9483
HSDT' 17.8812 15.8764 14.7246 13.6410 13.1852 12.9630

CC  Present 24.3794 22.1509 20.8095 19.3609 17.9208 17.3265
HSDT' 24.1007 21.8773 20.5397 19.0954 17.6608 17.0706

CF  Present 10.3443 9.1033 8.4282 7.7036 7.0146 6.7334
HSDT' 10.2454 9.0656 8.3933 7.6906 7.0127 6.7397
3 SS  Present 34.4899 31.2242 29.2701 27.1617 25.0616 24.1937

HSDT! 34.2097 30.9311 28.9684 26.8553 24.7627 23.9043
CC  Present 39.3867 36.3538 34.4902 32.4493 30.3894 29.5258
HSDT' 39.0057 35.9260 34.0378 31.9753 29.9060 29.0452
CF  Present 15.2148 14.8493 14.1430 13.7221 13.2608 13.0360
HSDT! 15.1167 14.7909 14.0571 13.6410 13.1852 12.9631

HSDT' (Vo et al., 2014)
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Table 14. Comparison of first three natural frequencies in Type C beams

Mode BCs Theory P
0 0.5 1 2 5 10

1 SS  Present 4.0996 3.8439 3.7165 3.6112 3.5512 3.5417
HSDT? 4.0691 3.7976 3.6636 3.5530 34914 3.4830

CC  Present 8.4525 7.8932 7.5894 7.2903 7.0071 6.8818

HSDT? 8.3282 7.7553 7.4487 7.1485 6.8702 6.7543

CF  Present 1.4977 1.4054 1.3579 1.3247 1.3085 1.3087

HSDT? 1.4840 1.3865 1.3393 1.3022 1.2857 1.2867

2 SS  Present 14.7402 13.7534 13.2273 12.7289 12.2980 12.1255

HSDT’ 14.5921 13.5629 13.0215 12.5117 12.0822 11.9168
CC  Present 20.7864 19.3438 18.5249 17.6623 16.7505 16.3147
HSDT’ 19.8886 18.4463 17.6290 16.7552 15.8266 15.3878

CF  Present 8.3244 7.7465 7.4544 7.2071 7.0590 7.0332
HSDT’ 8.3149 7.7255 7.4173 7.1308 6.8984 6.8139
3 SS  Present 29.1374 27.0784 25.9265 24.7440 23.4231 22.7558

HSDT? 28.7653 26.6542 25.4901 24.3022 23.1254 22.5934

CC  Present 34.5185 32.0116 30.5248 28.8733 27.0258 26.1303
HSDT? 34.0624 31.5260 30.0458 28.4068 26.5927 25.7241

CF  Present 14.1911 13.3194 12.8188 12.2643 11.6436 11.3344
HSDT? 14.0712 13.2130 12.7196 12.1683 11.5477 11.2377

HSDT (Nguyen et al., 2015)

3.3.2. Porosity Effect

The fundamental natural frequencies for the 1-2-1 configured FGSBs are computed
here in Tables 15 and 16, considering three core porosity patterns with varying porosity
coefficient values (ey= 0.4, 0.6, 0.8) To investigate the influence of the elastic foundation,
three distinct foundation models are considered: no foundation, Winkler, and Pasternak.
Regardless of boundary conditions, beam type, porosity pattern, or length-to-thickness
ratio, a consistent increase in fundamental natural frequency is observed with increasing
porosity coefficient. This trend is attributed to the simultaneous reduction in both bending
stiffness and mass density of the beam due to increased porosity. An exception to the
general trend is observed for CC beams with (L/h = 5), where increasing the porosity
coefficient of UD leads to a decrease in nondimensional fundamental natural frequencies.
This anomaly is attributed to the fact that CC beams experience a more pronounced

reduction in bending stiffness relative to mass density at lower length-to-thickness ratios. A
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descending order of fundamental natural frequencies is observed for FGSBs with porosity
patterns ranging from symmetrical to asymmetrical to uniform. Additionally, it also
highlighted that Type A beams (FG face layers, porous core) exhibit higher fundamental
natural frequencies than Type C (isotropic face layers, FG porous core). This difference can
be attributed to the superior bending stiffness offered by the FG face layers in Type A
beams.

Similarly, the variation of critical buckling loads of the beams as a function of the
porosity coefficient is tabulated in Tables 17 and 18 The critical buckling loads decrease as
the porosity coefficient increases, regardless of porosity pattern or L/h ratio. This is due to
the resulting decrease in bending stiffness caused by the increased porosity. Additionally,
the incorporation of an elastic foundation leads to an increase in both fundamental natural
frequencies and critical buckling loads. This positive impact is further magnified by the
inclusion of a shear layer, which significantly improves the beam's shear stiffness, resulting
in enhanced dynamic properties and buckling resistance.

The influence of the porosity coefficient on fundamental natural frequencies and
critical buckling loads of SS beams is depicted in Figures 12 and 13 for three different
cases: Case 1 (K,, = 0 and K,, = 0), Case 2 (K,, = 10 and K,, = 0), and Case 3 (K, = 10 and
K, = 10). As expected, across all cases and porosity distribution types, fundamental natural
frequencies increase as the porosity coefficient increases. Regarding the critical buckling
loads, a notable decrease is observed across all scenarios in conjunction with an increase in
the porosity coefficient. The incorporation of the Winkler parameter enhances the stiffness
of the foundation, leading to increased support and stability, which in turn results in
slightly higher fundamental natural frequencies and critical buckling loads. The Pasternak
foundation in Case 3 significantly enhances both fundamental natural frequencies and
critical buckling loads by increasing shear stiffness, leading to improved overall structural

performance.



Table 15. Fundamental natural frequencies variation in the Type A beam with different BCs, porosity distributions, and elastic foundation

(1-2-1,p=2)
€o
L/h K, K, BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.8 04 0.6 0.8

5 0 0 SS 3.7340 3.7395 3.7596 3.7955 3.8435 3.9265 3.7469 3.7634 3.8073
CC 7.6835 7.6105 7.5130 7.7741 7.7695 7.7964 7.7100 7.6723 7.6691

CF 1.3666 1.3720 1.3855 1.3908 1.4130 1.4504 1.3712 1.3798 1.3993

100 0 SS 4.5463 4.5934 4.6724 4.5969 4.6784 4.8075 4.5568 4.6127 4.7105

CC 8.1112 8.0670 8.0129 8.1970 8.2175 8.2788 8.1364 8.1251 8.1585

CF 2.9499 3.0184 3.1201 2.9611 3.0370 3.1490 2.9520 3.0218 3.1261

100 10 SS 5.2256 5.3030 5.4246 5.2697 5.3767 5.5412 5.2348 5.3196 5.4571

CcC 8.5746 8.5561 8.5428 8.6545 8.6970 8.7893 8.5977 8.6113 8.6783

CF 3.3922 3.4724 3.5907 3.4027 3.4901 3.6189 3.3942 3.4761 3.5977

20 0 0 SS 3.8889 3.9102 3.9575 3.9590 4.0282 4.1430 3.9024 3.9329 3.9970
CcC 8.8032 8.8421 8.9332 8.9642 9.1095 9.3522 8.8334 8.8947 9.0285

CF 1.3900 1.3978 1.4151 1.4152 1.4402 1.4817 1.3946 1.4053 1.4278

100 0 SS 4.6931 4.7531 4.8541 4.7512 4.8506 5.0065 4.7042 4.7718 4.8864

CcC 9.1866 9.2457 9.3648 9.3410 9.5017 9.7653 9.2156 9.2959 9.4558

CF 2.9755 3.0459 3.1507 2.9873 3.0656 3.1811 2.9777 3.0494 3.1564

100 10 SS 5.3699 5.4588 5.6001 5.4208 5.5439 5.7327 5.3796 5.4751 5.6281

CcC 9.6358 9.7170 9.8669 9.7830 9.9608 10.2477 9.6634 9.7649 9.9536

CF 3.4309 3.5147 3.6385 3.4423 3.5338 3.6683 3.4330 3.5181 3.6442

8S



Table 16. Fundamental natural frequencies variation in tType C beam with different BCs, porosity distributions, and elastic foundations

(1-2-1,p=2)
€o
L/h K, K, BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8

5 0 0 SS 3.6131 3.6166 3.6252 3.6202 3.6343 3.6699 3.5868 3.5827 3.5982
cC 7.1821 7.1078 7.0064 7.1954 7.1519 7.1350 7.1899 7.1532 7.1537

CF 1.3293 1.3341 1.3423 1.3319 1.3403 1.3572 1.3175 1.3174 1.3246

100 0 SS 4.5056 4.5472 4.6100 4.5102 4.5594 4.6422 4.4810 4.5140 4.5784

CcC 7.6747 7.6293 7.5704 7.6866 7.6692 7.6875 7.6795 7.6670 7.6990

CF 3.0202 3.0823 3.1709 3.0198 3.0824 3.1728 3.0099 3.0662 3.1486

100 10 SS 5.2393 5.3077 5.4086 5.2423 5.3167 5.4334 5.2151 5.2740 5.3729

CcC 8.1957 8.1757 8.1538 8.2063 8.2123 8.2622 8.1996 8.2100 8.2721

CF 3.4738 3.5479 3.6521 3.4732 3.5477 3.6541 3.4640 3.5327 3.6317

20 0 0 SS 3.8258 3.8479 3.8853 3.8341 3.8659 3.9254 3.7865 3.7894 3.8139
CcC 8.6112 8.6496 8.7160 8.6324 8.6938 8.8141 8.5324 8.5337 8.5834

CF 1.3666 1.3747 1.3885 1.3695 1.3811 1.4026 1.3524 1.3535 1.3623

100 0 SS 4.7030 4.7598 4.8459 4.7088 4.7729 4.8756 4.6676 4.7065 4.7787

CcC 9.0349 9.0918 9.1843 9.0548 9.1330 9.2761 8.9578 8.9784 9.0532

CF 3.0591 3.1225 3.2137 3.0591 3.1230 3.2159 3.0475 3.1039 3.1871

100 10 SS 5.4315 5.5139 5.6357 5.4358 5.5238 5.6591 5.3980 5.4628 5.5694

CcC 9.5264 9.6032 9.7237 9.5447 9.6413 9.8091 9.4515 9.4927 9.5949

CF 3.5335 3.6084 3.7158 3.5332 3.6084 3.7174 3.5210 3.5883 3.6867

6S



Table 17. Variation of critical buckling loads in Type A beam with different BCs, porosity distributions, and elastic foundation (1-2-1, p = 2)

€o
L/h K, Ky BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.4 0.4 0.6 0.8

5 0 0 SS 21.3657 20.2548 18.9225 22.0740 21.3962 20.6426 21.5128 20.5144 19.4103
CcC 74.7905 69.4866 62.7953 76.6269 72.5125 67.7025 75.3003 70.5921 65.3321

CF 5.5147 5.2602 4.9660 5.7115 5.5772 5.4374 5.5528 5.3228 5.0715

100 0 SS 31.6589 30.5466 29.2119 32.3667 31.6873 30.9314 31.8055 30.8050 29.6979

CcC 82.5193 77.1994 70.4687 84.3587 80.2213 75.3787 83.0122 78.2915 72.9650

CF 18.2614 17.8000 17.0161 18.5799 18.3254 17.8535 18.3301 17.9280 17.2812

100 10 SS 41.8086 40.6944 39.3568 42.5163 41.8350 41.0766 41.9547 40.9519 39.8413

ccC 92.5929 87.0757 80.5032 94.5790 90.4331 85.5785 93.2328 88.5127 83.2193

CF 28.3124 27.9254 27.0208 28.6276 28.4458 27.8657 28.3801 28.0510 27.2890

20 0 0 SS 22.2327 21.2404 20.1082 23.0406 22.5426 22.0389 22.3863 21.4886 20.5116
CcC 88.7475 84.6495 79.9134 92.0751 89.9084 87.6527 89.3584 85.6542 81.6041

CF 5.5757 5.3289 5.0483 5.7794 5.6572 5.5346 5.6143 5.3909 5.1480

100 0 SS 32.3772 31.3849 30.2526 33.1851 32.6870 32.1833 32.5307 31.6330 30.6558

CcC 96.3111 92.2107 87.4713 99.6286 97.4592 95.2023 96.9223 93.2161 89.1634

CF 18.8488 18.4127 17.8847 19.1980 18.9880 18.7600 18.9159 18.5245 18.0737

100 10 SS 42.3893 41.3970 40.2648 43.1972 42.6992 42.1954 42.5429 41.6450 40.6678

CcC 106.3553 102.2549 97.5153 109.6710 107.5032 105.2453 106.9664 103.2599 99.2067

CF 28.8525 28.4196 27.8896 29.2016 28.9947 28.7646 28.9196 28.5313 28.0784

09



Table 18. Critical buckling loads variation in Type C beam with different BCs, porosity distributions, and elastic foundation (1-2-1, p = 2)

€o
L/h K, Ky BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.4 0.4 0.6 0.8

5 0 0 SS 18.4505 17.6256 16.5807 18.5452 17.8364 17.0510 18.2592 17.4207 16.5241
CcC 59.9082 56.0255 51.0725 60.1818 56.7935 53.0494 60.1593 56.9407 53.5454

CF 4.8774 4.6928 4.4632 4.9031 4.7457 4.5730 4.8051 4.5971 4.3737

100 0 SS 28.6857 27.8577 26.8086 28.7793 28.0673 27.2781 28.4918 27.6493 26.7482

CcC 67.4852 63.5730 58.5729 67.7577 64.3429 60.5648 67.7383 64.5013 61.0850

CF 16.5588 16.1779 15.5399 16.6078 16.2922 15.8114 16.4870 16.1234 15.5965

100 10 SS 38.7805 37.9493 36.8958 38.8732 38.1579 37.3649 38.5840 37.7376 36.8321

ccC 77.6273 73.7068 68.6953 77.8981 74.4753 70.6880 77.8805 74.6363 71.2125

CF 26.4773 26.0803 25.4916 26.5272 26.1962 25.7636 26.4062 26.0285 25.5489

20 0 0 SS 19.8404 19.1279 18.2491 19.9476 19.3433 18.6835 19.5177 18.6858 17.7912
CcC 78.4902 75.5173 71.8214 78.9533 76.4193 73.6396 77.3022 73.9432 70.3357

CF 4.9816 4.8049 4.5875 5.0085 4.8587 4.6953 4.8991 4.6910 4.4672

100 0 SS 29.9807 29.2680 28.3890 30.0878 29.4833 28.8232 29.6577 28.8255 27.9306

CcC 86.0464 83.0712 79.3719 86.4631 83.9298 81.1505 84.8582 81.4971 77.8871

CF 17.7401 17.4016 16.9640 17.7904 17.5053 17.1800 17.5894 17.1908 16.7422

100 10 SS 39.9887 39.2759 38.3966 40.0957 39.4910 38.8308 39.6654 38.8330 37.9378

CcC 96.0753 93.0995 89.3994 96.4917 93.9578 91.1776 94.8863 91.5241 87.9131

CF 27.7350 27.3972 26.9598 27.7854 27.5010 27.1759 27.5845 27.1865 26.7382

19



62

-0 Casel -UD
—— Casel - 5D

== Casel - ASD

|z - Casel = ASD Iz
=0 Cased = UD == Case? =UD
—— Case? =50 421 = Cased =50
-~ Caze? —ASD == Cased - ASD
—& Cased —UD = Cazed - UD
3.8 1 =— Casel -5D —— Cased -5D
= == Cased =A5D
-l
s
= .
—
el LTl PP TETES TETtit . sl it SR
01 02 03 04 05 06 07 08 09 01 02 03 04 05 06 07 08 09
=0 ey

Figure 12. Porosity coefficient effect on fundamental frequencies of SS beams under
various porosity distributions and elastic foundations (1-2-1, L/h =10, p =5)
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Figure 13. Porosity coefficient effect on critical buckling loads of SS beams under various
porosity distributions and elastic foundations (1-2-1, L/h =10, p =5)

3.3.3. The Effect of Skin-Core-Skin Thickness Ratio

Tables 19 and 20 present the influence of the skin-core-skin thickness ratio on
fundamental natural frequencies and critical buckling loads for various porosity patterns
and porosity coefficients. Both types show increased fundamental natural frequencies with

decreasing skin-core-skin thickness ratios. The observed phenomenon is a result of the
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reinforcement of the beam's bending stiffness due to the increase in the thickness of the
porous core. The critical buckling loads increase as the skin-core-skin thickness ratio
decreases for Type A beams, but decrease for Type C beams. The observed behavior can be
attributed to the FG nature of the core, which rapidly diminishes bending stiffness as the
thickness of the FG porous core grows. Among the ratios considered, the 2-1-2 ratio results

in the minimum value, whereas the 1-2-1 ratio corresponds to the maximum value.

3.3.4. The Effect of Power Index and Length-Thickness Ratio

Figures 14 and 15 illustrate the effect of the power index on the critical buckling
loads and fundamental frequencies of CC beams with varying porosity distributions. Both
fundamental frequencies and critical buckling loads decrease with increasing power index
for all porosity patterns. This trend is attributed to the reduction in bending stiffness as the
power index increases. The impact of porosity distributions on fundamental natural
frequencies and critical buckling loads is less significant in Type A beams compared to
Type C beams. This is because the FG face layers in Type A beams contribute more to
overall stiffness and dynamic characteristics, minimizing the effect of core porosity.
Conversely, in Type C beams, the FG beam with a porous core has a greater influence on
overall stiffness than the isotropic face layers.

Figures 16 and 17 illustrate the impact of the length-to-thickness ratio on the
fundamental natural frequencies and critical buckling loads of FGSBs with different
porosity patterns. Across all porosity distributions, both the fundamental frequencies and
critical buckling loads consistently increase as the length-to-thickness ratio increases This
trend can be attributed to the enhanced stiffness of the beam as it becomes more slender.
Furthermore, the impact of porosity distributions on fundamental frequencies and critical
buckling loads becomes more pronounced at higher length-to-thickness ratios. This is
attributed to the amplified influence of porosity on beam stiffness and mechanical behavior

at larger length-to-thickness ratios.



Table 19. Fundamental natural frequencies variation of the beams with different skin-core-skin thickness ratio, BCs, and porosity distributions
(L/h=5,p=5, K, =25, K,= 10)

UD SD ASD
Beam  Scheme BCs
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8
Type A  2-1-2 SS 4.1583 4.1986 4.2541 4.1626 42061 4.2665 4.1595 4.2012 4.2597
CC 6.9036 6.9241 6.9517 6.9154 6.9483 7.0018 6.9093 6.9388 6.9891
CF 2.4121 2.4376 2.4725 2.4135 2.4400 2.4766 2.4126 2.4385 2.4745
1-1-1 SS 4.2530 4.3074 4.3869 4.2712 4.3378 4.4351 4.2571 43151 4.4021
CcC 7.1829 7.1939 7.2130 7.2234 7.2669 7.3446 7.1955 7.2247 7.2868
CF 2.4306 2.4691 2.5241 2.4361 2.4785 2.5393 24318 24715 2.5290
1-2-1 SS 4.4506 4.4987 4.5814 4.5056 4.5910 4.7268 44611 4.5165 4.6138
CcC 7.6750 7.6272 7.5787 7.7775 7.8076 7.8837 7.6978 7.6819 7.7083
CF 2.4678 2.5163 2.5900 2.4836 2.5432 2.6332 2.4707 2.5212 2.5991
Type C  2-1-2 SS 4.6028 4.6256 4.6583 4.6047 4.6299 4.6670 4.6015 4.6250 4.6602
CC 7.8468 7.8574 7.8790 7.8593 7.8819 7.9242 7.8595 7.8824 7.9247
CF 2.5012 2.5194 2.5434 2.5013 2.5200 2.5449 2.5002 2.5183 2.5424
1-1-1 SS 4.6360 4.6732 4.7275 4.6395 4.6813 4.7452 4.6278 4.6634 4.7202
CC 7.7571 7.7616 7.7790 7.7793 7.8075 7.8686 7.7727 7.7982 7.8570
CF 2.5310 2.5609 2.6015 2.5313 2.5621 2.6049 2.5278 2.5565 2.5970
1-2-1 SS 4.6783 4.7297 4.8074 4.6876 4.7491 4.8472 4.6573 4.7017 4.7806
cc 7.6247 7.6014 7.5806 7.6597 7.6776 7.7421 7.6400 7.6514 7.7122

CF 2.5695 2.6140 2.6767 2.5711 2.6178 2.6856 2.5623 2.6040 2.6659

v9



Table 20. Critical buckling loads variation of the beams with different skin-core-skin thickness ratio, BCs, and porosity distributions

(L/h=5,p =5, K, =25, K,=10)

Beam  Scheme BCs ub 5D usb
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8
Type A  2-1-2 SS 24.4748 24.3609 242174 24.5259 24.4488 24.3627 24.4894 24.3923 24.2850
CcC 55.2446 54.4910 53.3925 55.7971 55.0518 54.1803 55.6979 54.9148 54.0231
CF 16.9807 16.9454 16.9021 16.9965 16.9720 16.9203 16.9849 16.9541 16.8989
1-1-1 SS 26.1447 25.7811 25.3378 26.3688 26.1483 25.9048 26.1946 25.8744 25.5206
cC 60.2137 58.8745 57.6623 62.1894 60.5418 58.7771 61.6997 59.9078 57.8632
CF 17.4511 17.3936 17.2243 17.5454 17.5042 17.3966 17.4657 17.4196 17.2745
1-2-1 SS 29.3689 28.3107 27.0639 30.0993 29.4841 28.8135 29.5061 28.5344 27.4517
cC 73.6865 67.3561 61.5465 74.1833 70.6909 66.7046 72.6439 68.3563 63.5740
CF 18.4041 18.1501 17.7681 18.6203 18.4995 18.2965 18.4436 18.2122 17.8708
TypeC  2-1-2 SS 31.5344 31.3267 31.0817 31.5833 31.4221 31.2567 31.5546 31.3797 31.2012
CcC 75.3690 74.3602 73.1719 75.6514 74.8910 74.1118 75.6765 74.9338 74.1785
CF 18.9969 18.9556 18.9040 19.0086 18.9787 18.9468 18.9985 18.9637 18.9268
1-1-1 SS 30.8751 30.4832 30.0093 30.9621 30.6570 30.3378 30.8310 30.4614 30.0787
CcC 71.3038 69.4120 67.1286 71.7751 70.3364 68.8354 71.6676 70.1978 68.6869
CF 18.8449 18.7556 18.6466 18.8663 18.7988 18.7283 18.8231 18.7336 18.6405
1-2-1 SS 30.0065 29.2949 28.4109 30.1895 29.6437 29.0563 29.8377 29.1160 28.3558
ccC 66.0796 62.8341 58.7904 66.7852 64.2527 61.5345 66.4272 63.7972 61.0618
CF 18.6410 18.4638 18.2223 18.6929 18.5614 18.4284 18.5751 18.3812 18.1819

$9
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Figure 14. Effect of power index on fundamental natural frequencies in CC beams across
different porosity distributions (1-2-1, L/h = 15, e, = 0.5, K, = 50, K, = 10)
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Figure 15. Effect of power index on critical buckling loads in CC beams across different
porosity distributions (1-2-1, L/h = 15, ¢, = 0.5, K,, = 50, K, = 10)
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Figure 16. Effect of length-to-thickness ratio on fundamental natural frequencies in CC
beams across various porosity distributions (1-2-1, e, = 0.5, K,, = K, =10,p = 1)
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Figure 17. Effect of length-to-thickness ratio on critical buckling loads in CC beams across
various porosity distributions (1-2-1, e, = 0.5, K, = K, =10,p = 1)

3.3.5. Elastic Foundation Effect

The effects of different foundation parameters on fundamental natural frequencies
and critical buckling loads are summarized in Tables 21 and 22. As expected, fundamental
frequencies and critical buckling loads increase with increasing foundation constants,
regardless of porosity distributions or boundary conditions. In addition, the variations of
critical buckling loads and nondimensional fundamental frequencies as functions of elastic

foundation parameters are given in Figures 18 and 19. Remarkably, a substantial
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improvement in both fundamental frequencies and critical buckling loads is achieved by
increasing the Pasternak parameter. This implies that variations in K;, affect the mechanical
behavior of the beam more significantly than variations in the Winkler parameter (K,,).
Besides, porosity distributions have a negligible effect, especially for the CF beam. This is
mainly because the elastic foundation effect on bending stiffness has a more significant
influence than that of the porosity. Among the considered porosity distributions, symmetric

distribution yields slightly higher values than the others.
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Figure 18. Effect of Winkler and Pasternak foundation on fundamental frequencies of Type
A beam with different BCs and porosity distributions (1-2-1, e, = 0.5, L/h =5, p =5)
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Figure 19. Effect of Winkler and Pasternak foundation on critical buckling loads of Type A
beam with different BCs and porosity distributions (1-2-1, e, = 0.5, L/h =5, p =5)



Table 21. Effect of foundation parameters on fundamental frequencies of FGSBs (1-2-1,L/h=5,p =15, e, = 0.5)

UD SD USD
Beam K, BCs K,
0 50 100 0 50 100 0 50 100
Type A 0 SS 3.3417 3.8388 4.2786 3.4381 3.9230 4.3542 3.3602 3.8549 4.2930
CcC 6.9635 7.2168 7.4602 7.1183 7.3658 7.6052 7.0047 7.2559 7.4986
CF 1.1867 2.2035 2.8814 1.2546 2.2806 2.9711 1.2236 2.2638 2.9583
10 SS 4.2677 4.6672 5.0351 4.3435 4.7366 5.0995 4.2821 4.6803 5.0472
cC 7.5317 7.7660 7.9934 7.6735 7.9042 8.1271 7.5699 7.8030 8.0293
CF 2.0384 2.7591 3.3271 2.1160 2.8488 3.4283 2.0957 2.8338 3.4160
25 SS 5.3649 5.6878 5.9933 5.4253 5.7448 6.0475 5.3762 5.6985 6.0035
CcC 8.3012 8.5145 8.7225 8.4283 8.6379 8.8437 8.3361 8.5484 8.7556
CF 2.7527 3.3227 3.8083 2.8474 3.4281 3.9238 2.8287 3.4126 3.9103
Type C 0 SS 3.5605 4.0608 4.5058 3.5821 4.0784 4.5205 3.5336 4.0350 4.4805
CcC 6.8851 7.1602 7.4250 6.9443 7.2163 7.4784 6.9183 7.1905 7.4528
CF 1.3179 2.3686 3.0782 1.3253 2.3705 3.0780 1.3042 2.3572 3.0674
10 SS 4.4947 4.9004 5.2748 4.5095 49128 5.2854 4.4695 4.8754 5.2500
CcC 7.4851 7.7390 7.9847 7.5387 7.7900 8.0335 7.5154 7.7668 8.0103
CF 2.1848 2.9433 3.5422 2.1889 2.9445 3.5417 2.1751 2.9334 3.5302
25 SS 5.6111 5.9408 6.2531 5.6201 5.9484 6.2595 5.5862 5.9158 6.2279
CcC 8.2932 8.5230 8.7469 8.3404 8.5683 8.7904 8.3200 8.5479 8.7698
CF 2.9209 3.5325 4.0448 2.9243 3.5337 4.0446 2.9200 3.5181 4.0358
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Table 22. Effect of foundation parameters on critical buckling loads of FGSBs (1-2-1,L/h=5,p =5, e, = 0.5)

UD SD USD
Beam K, BCs K,
0 50 100 0 50 100 0 50 100
Type A 0 SS 16.1248 21.2729 26.4178 17.0672 22.2150 27.3597 16.3028 21.4503 26.5946
CcC 57.6874 61.5642 65.3416 60.3610 63.8891 68.0065 58.3579 62.2370 66.0558
CF 4.1354 11.3918 15.7797 4.3916 11.7321 16.2699 4.1805 11.4563 15.8779
10 SS 26.2837 31.4255 36.5642 27.2256 32.3674 37.5063 26.4605 31.6018 36.7400
CcC 67.9403 71.4621 75.4959 70.6091 73.9677 35.8064 68.6048 72.4783 76.2761
CF 14.1812 21.4509 259195 14.4374 21.7884 26.4032 14.2259 21.5142 26.0155
25 SS 41.4988 46.6313 51.7606 42.4413 47.5744 52.7044 41.6742 46.8063 51.9353
ccC 83.2007 86.7895 90.6369 85.8922 89.6961 92.7720 83.9102 87.7467 91.5154
CF 29.2443 36.3793 40.7582 29.5009 36.7289 41.2519 29.2886 36.4465 40.8562
Type C 0 SS 17.0137 22.1291 27.2427 17.2698 22.3851 27.4986 16.8328 21.9469 27.0592
CcC 52.4693 56.2758 59.9712 53.4837 57.2917 60.9925 53.0677 56.8758 60.5862
CF 4.5749 11.6358 15.7785 4.6369 11.7290 15.9229 4.4931 11.5703 15.7247
10 SS 27.1094 32.2212 37.3312 27.3653 32.4770 37.5870 26.9259 32.0365 37.1453
CcC 62.6126 66.4114 70.0998 63.6272 67.4281 71.1202 63.2108 67.0138 70.7123
CF 14.5430 21.6138 25.7249 14.6050 21.7118 25.8696 14.4622 21.5311 25.6850
25 SS 42.2396 47.3460 52.4506 42.4954 47.6018 52.7065 42.0525 47.1578 52.2613
CC 77.7781 81.5636 85.2327 78.7934 82.5805 86.2578 78.3771 82.1661 85.8501
CF 29.4919 36.5531 40.6100 29.5542 36.6484 40.7560 29.4127 36.4314 40.5452

0L
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3.4. Free Vibration and Buckling Analysis of FGSBs with Porous Core Resting
on Elastic Foundation by Finite Element Method

3.4.1. Convergence and Validation Study

To validate the proposed FE model, free vibration and buckling analysis are
conducted on non-porous FGSBs with 1-2-1 configuration. Type B and Type C beams are
examined. The convergence behavior of the developed FE model is summarized in Tables
23 and 24. The FE model demonstrated a high level of accuracy in its results, exhibiting
strong agreement with findings from prior research and the Ritz solution. The convergence
study indicated that four elements are sufficient to achieve convergence for SS beams
across both beam types. Conversely, 20 elements are required to obtain consistent results
for CC and CF beam configurations. A discretization of 24 beam elements is then adopted
for all subsequent analyses to preserve computational accuracy. Furthermore, Tables 25-28
compare fundamental natural frequencies and critical buckling loads for FGSBs. The
proposed FE model exhibited an exceptional level of concordance with the results obtained
using two different HSDTs (Nguyen et al., 2015; Vo et al., 2014), quasi-3D theory (Nguyen
et al., 2016), and the Ritz method. For the sake of thoroughness, the first three natural

frequencies of the beams are presented in Tables 29 and 30.
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Table 23. Convergence study of fundamental natural frequencies of the beams (p = 5)

Beam Number of L/h =5 L/h =20
clements SS cC CF SS cC CF
Type B 4 2.6819 5.3848 0.9942 2.8375 6.4359 2.4778
2.6819 5.3232 0.9915 2.8375 6.3986 2.4716
12 2.6819 5.3038 0.9907 2.8375 6.3870 2.4697
16 2.6819 5.2954 0.9903 2.8375 6.3814 2.4688
20 2.6819 5.2914 0.9901 2.8375 6.3781 2.4683
24 2.6819 5.2894 0.9900 2.8375 6.3759 2.4680
28 2.6819 5.2883 0.9900 2.8375 6.3744 2.4677
32 2.6819 5.2877 0.9899 2.8375 6.3733 2.4676
Ritz solution 2.6819 5.2929 0.9901 2.8375 6.3901 1.0147
HSDT! 2.6773 5.2311 0.9847 2.8371 6.3509 1.0130
Type C 4 4.0997 8.5814 1.5059 42714 9.7152 1.5316
8 4.0996 8.5015 1.5025 42713 9.6665 1.5283
12 4.0996 8.4749 1.5013 42713 9.6519 1.5272
16 4.0996 8.4626 1.5007 42713 9.6447 1.5267
20 4.0996 8.4566 1.5004 42713 9.6404 1.5265
24 4.0996 8.4535 1.5002 42713 9.6376 1.5263
28 4.0996 8.4519 1.5002 42713 9.6356 1.5262
32 4.0996 8.4510 1.5001 42713 9.6341 1.5261
Ritz solution 4.0996 8.4521 1.4967 42713 9.6537 1.5247
HSDT? 4.0691 8.3282 1.4840 4.2445 9.5451 1.5145
Quasi-l’»D1 4.0996 8.4529 1.5001 42711 9.6404 1.5264

HSDT? (Nguyen et al., 2015); Quasi-3D' (Nguyen et al., 2016)
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Table 24. Convergence study of critical buckling loads of the beams (p = 5)

Number of L/h=5 L/h =20
Beam
elements SS CC CF SS CC CF
Type B 4 9.1351 29.5573 2.4298 9.8211 39.1240 2.4778
8 9.1351 29.5358 2.4211 9.8211 38.9236 24716
12 9.1351 29.5296 2.4177 9.8211 38.8679 2.4697
16 9.1351 29.5264 2.4164 9.8211 38.8422 2.4688
20 9.1351 29.5246 2.4158 9.8211 38.8277 2.4683
24 9.1351 29.5237 2.4156 9.8211 38.8186 2.4680
28 9.1351 29.5233 2.4154 9.8211 38.8124 2.4677
32 9.1351 29.5230 2.4153 9.8211 38.8081 2.4676
Ritz solution 9.1351 29.5271 2.4157 9.8211 38.9343 2.4681
HSDT' 8.9519 28.0272 2.4057 9.8067 38.4910 2.4635
Type C 4 28.7899 100.7534 7.4741 30.0196 120.3349 7.5569
8 28.7882 100.6137 7.4503 30.0195 119.6885 7.5406
12 28.7881 100.5869 7.4410 30.0195 119.5359 7.5356
16 28.7881 100.5730 7.4375 30.0195 119.4671 7.5333
20 28.7881 100.5653 7.4359 30.0195 119.4281 7.5319
24 28.7881 100.5614 7.4351 30.0195 119.4032 7.5311
28 28.7881 100.5594 7.4346 30.0195 119.3860 7.5304
32 28.7881 100.5583 7.4343 30.0195 119.3736 7.5300
Ritz solution 28.7881 100.5588 7.4236 30.0195 119.6879 7.5279
HSDT? 27.9314 94.6117 7.3149 29.6120 117.0384 7.4254
Quasi-3D1 28.7884 100.5883 7.4344 30.0168 119.4172 7.5312
Table 25. Fundamental natural frequencies of Type B beams
L/h BC  Theory 4
0 0.5 1 2 5 10
5 SS FEM 2.6819  3.9979 43730 4.6536 4.8650 4.9416
Ritz method 2.6819 3.9979 4.3730 4.6536 4.8650 4.9416
HSDT' 2.6773 4.0504 4.4270 4.7047 4.9038 4.9700
CC FEM 52804  7.1181 7.5838 7.9629 8.3204 8.4894
Ritz method 5.2929 7.1243 7.5909 7.9706 8.3285 8.4976
HSDT! 52311 7.2456 7.8056 8.2835 8.7255 8.9195
CF FEM 0.9900 1.5095 1.6620 1.7747 1.8556 1.8825
Ritz method 0.9901  1.5095 1.6620 1.7748 1.8556 1.8826
HSDT! 0.9847 1.5211 1.6691 1.7745 1.8444 1.8652
20 SS FEM 2.8375  4.4165 4.8944 5.2452 5.4851 5.5583
Ritz method 2.8375 4.4165 4.8944 5.2452 5.4851 5.5583
HSDT' 2.8371  4.4160 4.8938 5.2445 5.4843 5.5575
CC FEM 6.3759 9.7936 10.8088 11.5576 12.0853 12.2560
Ritz method 6.3901 9.8189 10.8371 11.5881 12.1170 12.2880
HSDT! 6.3509  9.7587 107706  11.5168  12.0423  12.2122
CF FEM 1.0146 1.5818 1.7540 1.8803 1.9663 1.9924
Ritz method 1.0147  1.5819 1.7541 1.8804 1.9664 1.9925
HSDT' 1.0130 1.5796 1.7516 1.8778 1.9636 1.9896

HSDT' (Vo et al., 2014); HSDT” (Nguyen et al., 2015); Quasi-3D" (Nguyen et al., 2016)
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Table 26. Fundamental natural frequencies of Type C beams

L/h  BC Theory
0 0.5 1 2 5 10
5 SS FEM 4.0996 3.8439 3.7165 3.6112 3.5512 3.5417
Ritz method 4.0996 3.8439 3.7165 3.6112 3.5512 3.5417
HSDT? 4.0691 3.7976 3.6636 3.553 3.4914 3.483
Quasi-3D' 4.0996 3.8438 3.7172 3.6119 3.5513 3.5413
CC FEM 8.4535 7.8938 7.5898 7.2904 7.0069 6.8815
Ritz method 8.4525 7.8932 7.5894 7.2903 7.0071 6.8818
HSDT? 8.3282 7.7553 7.4487 7.1485 6.8702 6.7543
Quasi-3D' 8.4529 7.8924 7.5904 7.2898 7.0032 6.8757
CF FEM 1.5002 1.4078 1.3626 1.3271 1.3112 1.3119
Ritz method 1.5003 1.4078 1.3626 1.3271 1.3112 1.3119
HSDT? 1.4840 1.3865 1.3393 1.3022 1.2857 1.2867
Quasi-3D' 1.5001 1.4076 1.3627 1.3273 1.3113 1.3118
20 SS FEM 42713 4.0146 3.8916 3.7995 3.7702 3.7826
Ritz method 42713 4.0146 3.8916 3.7995 3.7702 3.7826
HSDT? 4.2445 3.9695 3.8387 3.7402 3.7081 3.7214
Quasi-3D' 42711 4.0143 3.8923 3.8003 3.7708 3.7831
CC FEM 9.6376 9.0508 8.7668 8.5477 8.4604 8.4738
Ritz method 9.6546 9.0658 8.7809 8.5613 8.4741 8.488
HSDT? 9.5451 8.9243 8.6264 8.3959 8.3047 8.3205
Quasi-3D' 9.6404 9.0524 8.7701 8.5509 8.4627 8.4755
CF FEM 1.5263 1.4344 1.3904 1.3576 1.3475 1.3523
Ritz method 1.5264 1.4344 1.3905 1.3577 1.3476 1.3523
HSDT? 1.5145 1.4165 1.37 1.335 1.3241 1.3292
Quasi-3D' 1.5264 1.4344 1.3907 1.358 1.3478 1.3525

HSDT? (Nguyen et al., 2015); Quasi-3D' (Nguyen et al., 2016)
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Table 27. Critical buckling loads of Type B beams

L/h  BC Theory 0 G 1 > 5 10

5 SS FEM 9.1351 21.7614 26.9366 31.5445 35.6386 37.3250
Ritz method 9.1351 21.7614 26.9366 31.5445 35.6386 37.3250

HSDT' 9.8067 25.6086 32.5803 38.7192 43.7637 45.6040

CC FEM 29.5237  58.3337 68.8601 78.7220 88.8611 93.8148

Ritz method 29.5271  58.3461 68.8748 78.7385 88.8791 93.8336

HSDT' 28.0272  56.1398 66.4523 76.0626 85.8462 90.5815

CF FEM 2.4156 6.1749 7.8042 9.2408 10.4430 10.8956

Ritz method 2.4157 6.1752 7.8047 9.2413 10.4436 10.8962

HSDT' 2.4057 6.1578 7.7858 9.2209 10.4208 10.8716

20 SS FEM 9.8211 25.6411 32.6255 38.7731 43.8252 45.6685
Ritz method 9.8211 25.6411 32.6255 38.7731 43.8252 45.6685

HSDT' 9.8067 25.6086 32.5803 38.7192 43.7637 45.6040
CC FEM 38.8186  99.2672 125.4954 148.6238 167.9729 175.2486
Ritz method 38.9343  99.6031 125.9248 149.1336 168.5475 175.8463

HSDT! 38.4910  98.5240 24.5720 47.5350 66.7330 73.9460

CF FEM 2.4680 6.4753 8.2526 9.8164 11.0958 11.5589

Ritz method 2.4681 6.4757 8.2531 9.8170 11.0965 11.5596

HSDT' 2.4635 6.4654 8.2402 9.8018 11.0792 6.4654

HSDT' (Vo et al., 2014)
Table 28. Critical buckling loads of Type C beams
L/h  BC Theory 0 05 1 5 5 10

5 SS FEM 28.7881 23.8572 21.6294 19.7893 18.5216 18.1383
Ritz method 28.7881 23.8572 21.629%4 19.7893 18.5216 18.1383

HSDT? 27.9314 22.9869 20.7762 18.9588 17.732 17.3775

Quasi-3D' 28.7884 23.8554 21.6374 19.7957 18.5212 18.1329

CC FEM 100.5614 82.4740 73.9071 66.1303 59.3190 56.4930

Ritz method 100.5629 82.477 73.9112 66.1354 59.3243 56.4987

HSDT? 94.6117 77.5129 69.4877 62.2249 55.9446 53.3734

Quasi-3D' 100.5883 82.4783 73.9348 66.1308 59.2628 56.4049

CF FEM 7.4351 6.1847 5.6286 5.1864 49216 4.8653

Ritz method 7.4354 6.1849 5.6288 5.1866 49218 4.8655

HSDT? 7.3149 6.0286 5.4629 5.0154 4.7534 4.7024

Quasi-3D' 7.4344 6.1836 5.6304 5.1884 4.9228 4.8658

20 SS FEM 30.0195 24.9952 22.772 21.0254 20.0317 19.8573
Ritz method 30.0195 24.9952 22.772 21.0254 20.0317 19.8573

HSDT? 29.612 24.414 22.1386 20.3581 19.3639 19.2058

Quasi-3D' 30.0168 24.9914 22.7796 21.0343 20.0386 19.8622

CC FEM 119.4032 99.2755 90.3305 83.2242 78.9796 78.0853

Ritz method 119.7827 99.5671 90.5848 83.4516 79.1967 78.3045

HSDT? 117.0384 96.4573 87.4069 80.2465 76.0539 75.2379

Quasi-3D' 119.4172 99.2742 90.3696 83.2627 79.0045 78.0989

CF FEM 7.5311 6.2708 5.7138 5.2775 5.0325 4.9920

Ritz method 7.5315 6.2711 5.7140 5.2778 5.0327 4.9922

HSDT? 7.4254 6.1225 5.5529 5.1084 4.8634 4.8269

Quasi-3D' 7.5312 6.2702 5.716 5.28 5.0345 4.9934

HSDT” (Nguyen et al., 2015); Quasi-3D' (Nguyen et al., 2016)
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Table 29. Comparison of first three natural frequencies in Type B beams (L/h = 5)

Mode BC Theory
0 0.5 1 2 5 10
1 SS FEM 2.6819 3.9979 4.3730 4.6536 4.8650 4.9416
Ritz method 2.6819 3.9979 4.3730 4.6536 4.8650 49416
HSDT' 2.6773 4.0504 4.4270 4.7047 4.9038 4.9700
CC FEM 5.2894 7.1181 7.5838 7.9629 8.3204 8.4894
Ritz method 5.2929 7.1243 7.5909 7.9706 8.3285 8.4976
HSDT' 5.2311 7.2456 7.8056 8.2835 8.7255 8.9195
CF FEM 0.9900 1.5095 1.6620 1.7747 1.8556 1.8825
Ritz method 0.9901 1.5095 1.6620 1.7748 1.8556 1.8826
HSDT' 0.9847 1.5211 1.6691 1.7745 1.8444 1.8652
2 SS FEM 9.3379 12.8786 13.7986 14.5280 15.1801 15.4727
Ritz method 9.3379 12.8786 13.7986 14.5280 15.1801 15.4727
HSDT' 9.2909 12.8310 13.7464 14.4701 15.1156 15.4047
CC FEM 12.1812 15.4688 16.2925 17.0136 17.7724 18.1649
Ritz method 12.5970 16.5814 17.6667 18.6710 19.0927 19.5200
HSDT! 12.5225 16.0881 16.9638 17.7202 18.5077 18.9119
CF FEM 5.3586 7.4934 8.0584 8.5002 8.8818 9.0470
Ritz method 5.3591 7.4940 8.0590 8.5009 8.8826 9.0477
HSDT! 5.3234 7.4544 8.0182 8.4585 8.8373 9.0006
3 SS FEM 17.9179 23.2515 24.5620  25.6794 26.8221 27.4001
Ritz method 17.9178 23.2514 24.5619  25.6792 26.8219 27.3999
HSDT' 17.7751 23.1294 24.4327 25.5391 26.6663 27.2351
CC FEM 16.4664  20.9126 22.6223 24.1082 25.4190 25.9665
Ritz method 16.4673 20.9137 22.6235 24.1094 25.4203 25.9678
HSDT' 15.7120 19.9545 21.5859  23.0036 24.2544 24.7768
CF FEM 8.2332 10.4563 11.3112 12.0541 12.7095 12.9832
Ritz method 8.2332 10.4563 11.3112 12.0541 12.7095 12.9832
HSDT' 7.8545 9.9753 10.7909 11.4996 12.1248 12.3860

HSDT' (Vo et al., 2014)
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Table 30. Comparison of first three natural frequencies in Type C beams (L/h = 5)

Mode BC Theory P
0 0.5 1 2 5 10
1 SS FEM 4.0996 3.8439 3.7165 3.6112 3.5512 3.5417
Ritz method 4.0996 3.8439 3.7165 3.6112 3.5512 3.5417
HSDT? 4.0691 3.7976 3.6636 3.5530 3.4914 3.4830
CC FEM 8.4535 7.8938 7.5898 7.2904 7.0069 6.8815
Ritz method 8.4525 7.8932 7.5894 7.2903 7.0071 6.8818
HSDT? 8.3282 7.7553 7.4487 7.1485 6.8702 6.7543
CF FEM 1.5002 1.4078 1.3626 1.3271 1.3112 1.3119
Ritz method 1.5003 1.4078 1.3626 1.3271 1.3112 1.3119
HSDT? 1.4840 1.3865 1.3393 1.3022 1.2857 1.2867
2 SS FEM 14.7402 13.7534 13.2273 12.7289 12.2980 12.1255
Ritz method 14.7403 13.7536 13.2275 12.7291 12.2982 12.1257
HSDT? 14.5921 13.5629 13.0215 12.5117 12.0822 11.9168
CC FEM 20.1544 18.7387 17.9222 17.0450 16.0975 15.6427
Ritz method 20.7864 19.3438 18.5249 17.6623 16.7505 16.3147
HSDT? 19.8886 18.4463 17.6290 16.7552 15.8266 15.3878
CF FEM 8.4115 7.8472 7.5479 7.2682 7.0355 6.9473
Ritz method 8.4122 7.8478 7.5484 7.2686 7.0359 6.9477
HSDT’ 8.3149 7.7255 7.4173 7.1308 6.8984 6.8139
3 SS FEM 29.1374 27.0784 25.9265 24.7440 23.4231 22.7558
Ritz method 29.1329 27.0748 25.9235 24.7414 234232 22.7559
HSDT? 28.7653 26.6542 25.4901 24.3022 23.1254  22.5934
CC FEM 34.4183 31.9232 30.4419 28.7950 26.9517  26.0580
Ritz method 34.5185 32.0116 30.5248 28.8733 27.0258 26.1303
HSDT? 34.0624 31.5260 30.0458 28.4068 26.5927  25.7241
CF FEM 14.6578 13.6956 13.1485 12.5521 11.8995 11.5818
Ritz method 14.6579 13.6956 13.1486 12.5521 11.8995 11.5818
HSDT? 14.0712 13.2130 12.7196 12.1683 11.5477 11.2377

HSDT~ (Nguyen et al., 2015)

3.4.2. Porosity Effect

The fundamental natural frequencies and critical buckling loads of 1-2-1
configuration FGSBs are provided in Tables 31-34, considering various porosity patterns
with different coefficients (ey= 0.4, 0.6, 0.8) the context of three distinct foundation
models: without foundation, Winkler, and Pasternak. FEM results exhibit a trend that
correlates strongly with the Ritz solution results. This alignment implies that the porosity

coefficient and elastic foundation modulus have comparable impacts on the response of
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FGSBs with porous cores, regardless of core material constituents. Figures 20 and 21
graphically illustrate the influence of the porosity coefficient on natural frequencies and
critical buckling loads of simply supported FGSBs for three different foundation
conditions: Case 1 (K,, = 0 and K, = 0), Case 2 (K,, = 10 and K,, = 0), and Case 3 (K,, = 10

and K,, = 10), considering SD pattern.

mm Casel Case2 mmm Case3 TypeB 5 | Emm Casel Case2 ~mmm Case3 Type C
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Figure 20. Porosity coefficient influence on fundamental frequencies of SS beams under
various porosity distributions and elastic foundations (1-2-1, L/h =10, p =5)
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Figure 21. Porosity coefficient influence on critical buckling loads of SS beams under
various porosity distributions and elastic foundations (1-2-1, L/h =10, p =5)



Table 31. Fundamental natural frequencies variation in the Type B beam with different BCs, porosity distributions, and elastic foundation

(1-2-1,p =2)
€o
L/h K, K BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8

5 0 0 SS 4.7059 4.7404 4.7894 4.7090 4.7507 4.8199 4.7102 4.7541 4.8272
cC 7.8424 7.7661 7.6740 7.8350 7.7761 7.7466 7.8554 7.8114 7.8015

CF 1.8082 1.8310 1.8632 1.8105 1.8358 1.8736 1.8095 1.8347 1.8727

100 0 SS 5.4475 5.5077 5.5929 5.4503 5.5165 5.6188 5.4512 5.5193 5.6249

cC 8.3153 8.2639 8.2071 8.3083 8.2733 8.2750 8.3275 8.3064 8.3263

CF 3.2941 3.3561 3.4434 3.2953 3.3586 3.4487 3.2948 3.3580 3.4482

100 10 SS 6.0915 6.1720 6.2860 6.0940 6.1799 6.3088 6.0948 6.1823 6.3141

CcC 8.7913 8.7618 8.7362 8.7847 8.7709 8.8006 8.8029 8.8021 8.8488

CF 3.7149 3.7825 3.8776 3.7156 3.7846 3.8833 3.7157 3.7849 3.8843

20 0 0 SS 5.3859 5.4838 5.6234 5.3957 5.5004 5.6503 5.3888 5.4897 5.6358
CcC 11.8095 11.9823 12.2269 11.8267 12.0153 12.2924 11.8174 12.0025 12.2775

CF 1.9321 1.9682 2.0198 1.9357 1.9742 2.0292 1.9331 1.9701 2.0236

100 0 SS 6.0566 6.1709 6.3335 6.0653 6.1856 6.3573 6.0591 6.1762 6.3444

cC 12.1301 12.3119 12.5693 12.1468 12.3441 12.6329 12.1377 12.3315 12.6185

CF 3.3787 3.4483 3.5467 3.3808 3.4517 3.5521 3.3793 3.4494 3.5489

100 10 SS 6.6526 6.7812 6.9636 6.6605 6.7946 6.9853 6.6549 6.7860 6.9736

cC 12.5032 12.6945 12.9651 12.5194 12.7257 13.0270 12.5107 12.7138 13.0134

CF 3.8409 3.9203 4.0323 3.8428 3.9234 4.0374 3.8415 3.9214 4.0346

6L



Table 32. Fundamental natural frequencies variation in the Type C beam with different BCs, porosity distributions, and elastic foundation

(1-2-1,p =2)
€o
L/h K, K, BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8

5 0 0 SS 3.6131 3.6166 3.6252 3.6202 3.6343 3.6699 3.5868 3.5827 3.5982
cC 7.1820 7.1076 7.0061 7.1953 7.1516 7.1346 7.1899 7.1531 7.1535

CF 1.3321 1.3366 1.3447 1.3348 1.3429 1.3598 1.3201 1.3197 1.3267

100 0 SS 4.5056 4.5472 4.6100 4.5102 4.5594 4.6422 4.4810 4.5140 4.5784

cC 7.6746 7.6291 7.5701 7.6865 7.6690 7.6872 7.6795 7.6670 7.6990

CF 3.0227 3.0831 3.1700 3.0224 3.0833 3.1722 3.0123 3.0669 3.1477

100 10 SS 5.2393 5.3077 5.4086 5.2423 5.3167 5.4334 5.2151 5.2740 5.3729

CcC 8.1946 8.1745 8.1523 8.2052 8.2111 8.2608 8.1987 8.2090 8.2710

CF 3.4809 3.5507 3.6504 3.4803 3.5507 3.6531 3.4709 3.5355 3.6303

20 0 0 SS 3.8259 3.8479 3.8853 3.8341 3.8659 3.9254 3.7865 3.7894 3.8139
CcC 8.5922 8.6305 8.6968 8.6102 8.6716 8.7920 8.5107 8.5127 8.5630

CF 1.3673 1.3754 1.3891 1.3702 1.3818 1.4033 1.3530 1.3541 1.3629

100 0 SS 4.7030 4.7598 4.8460 4.7088 4.7729 4.8756 4.6676 4.7065 4.7787

cC 9.0168 9.0736 9.1661 9.0335 9.1119 9.2551 8.9374 8.9585 9.0339

CF 3.0594 3.1228 3.2139 3.0594 3.1233 3.2162 3.0478 3.1042 3.1873

100 10 SS 5.4315 5.5139 5.6357 5.4358 5.5238 5.6591 5.3980 5.4628 5.5694

cC 9.5085 9.5852 9.7057 9.5238 9.6206 9.7885 9.4314 9.4733 9.5759

CF 3.5342 3.6090 3.7164 3.5339 3.6090 3.7180 3.5217 3.5889 3.6872

08



Table 33. Critical buckling loads variation in the Type B beam with different BCs, porosity distributions, and elastic foundation (1-2-1, p =2)

€o
L/h K, K, BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.4 0.4 0.6 0.8

5 0 0 SS 30.2135 29.3521 28.2242 30.2522 29.4800 28.5960 30.2713 29.5285 28.6935
CcC 71.8155 67.5924 62.3648 71.6677 67.7367 63.4885 72.0437 68.3602 64.4079

CF 9.0669 8.9569 8.8143 9.0947 9.0077 8.9074 9.0784 8.9851 8.8807

100 0 SS 40.4787 39.6141 38.4818 40.5171 39.7417 38.8541 40.5367 39.7910 38.9527

CcC 79.2025 74.9231 69.6113 79.0513 75.0673 70.7524 79.4333 75.7014 71.6890

CF 21.5344 21.1865 20.7169 21.5585 21.2521 20.8918 21.5590 21.2607 20.9172

100 10 SS 50.6047 49.7369 48.6002 50.6428 49.8643 48.9730 50.6628 49.9143 49.0728

CcC 89.3498 85.0605 79.7355 89.1976 85.2041 80.8784 89.5810 85.8405 81.8182

CF 30.9754 30.6127 30.1244 31.0047 30.6879 30.3162 31.0018 30.6912 30.3341

20 0 0 SS 38.3449 38.0925 37.7847 38.4845 38.3238 38.1473 38.3856 38.1756 37.9511
CcC 145.8516 144.0979 141.8237 146.2983 1449112 143.3127 146.0365 144.5486 142.8840

CF 9.7274 9.6773 9.6189 9.7643 9.7371 9.7090 9.7372 9.6960 9.6534

100 0 SS 48.4892 48.2367 47.9289 48.6288 48.4680 48.2915 48.5299 48.3199 48.0953

CcC 153.4313 151.6762 149.4000 153.8780 152.4896 150.8894 153.6163 152.1272 150.4611

CF 24.8321 24.7517 24.6538 24.8787 24.8289 24.7744 24.8454 24.7788 24.7076

100 10 SS 58.5012 58.2487 57.9408 58.6408 58.4800 58.3035 58.5418 58.3319 58.1073
CcC 163.4751 161.7197 159.4431 163.9218 162.5330 160.9325 163.6601 162.1707 160.5044

CF 34.8323 34.7519 34.6540 34.8789 34.8291 34.7745 34.8456 34.7790 34.7077

I8



Table 34. Critical buckling loads variation in the Type C beam with different BCs, porosity distributions, and elastic foundation (12-1, p = 2)

€o
L/h K, K, BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.4 0.4 0.6 0.8

5 0 0 SS 18.4506 17.6257 16.5807 18.5452 17.8365 17.0511 18.2592 17.4208 16.5241
CcC 59.8978 56.0151 51.0623 60.1714 56.7830 53.0390 60.1542 56.9359 53.5406

CF 4.8809 4.6959 4.4660 4.9071 4.7497 4.5771 4.8081 4.5997 4.3758

100 0 SS 28.6858 27.8578 26.8086 28.7794 28.0674 27.2782 28.4918 27.6494 26.7483

CcC 67.4569 63.5434 58.5418 67.7295 64.3137 60.5347 67.7211 64.4838 61.0665

CF 16.3614 15.9043 15.2968 16.4155 16.0277 15.5820 16.2999 15.8621 15.3788

100 10 SS 38.7805 37.9494 36.8958 38.8732 38.1579 37.3650 38.5841 37.7376 36.8321

CcC 77.6037 73.6822 68.6692 77.8747 74.4511 70.6629 77.8667 74.6224 71.1974

CF 25.8352 25.3610 24.7316 25.9020 25.5068 25.0532 25.7920 25.3501 24.8626

20 0 0 SS 19.8405 19.1280 18.2492 19.9477 19.3434 18.6835 19.5178 18.6859 17.7913
CcC 78.3233 75.3566 71.6690 78.7403 76.2150 73.4450 77.1440 73.7950 70.1984

CF 4.9830 4.8062 4.5887 5.0099 4.8601 4.6968 4.9003 4.6921 4.4681

100 0 SS 29.9807 29.2681 28.3890 30.0878 29.4834 28.8233 29.6577 28.8256 27.9307

CcC 85.8880 82.9190 79.2280 86.3051 83.7778 81.0054 84.7082 81.3570 77.7577

CF 17.7433 17.4009 16.9655 17.7937 17.5048 17.1817 17.5925 17.1898 16.7433

100 10 SS 39.9887 39.2759 38.3966 40.0957 39.4911 38.8308 39.6655 38.8331 37.9378

CcC 95.9180 92.9484 89.2566 96.3349 93.8069 91.0336 94.7374 91.3851 87.7847

CF 27.7428 27.4003 26.9649 27.7932 27.5042 27.1811 27.5919 27.1893 26.7428

4
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3.4.3. The Effect of Skin-Core-Skin Thickness Ratio

Tables 35 and 36 present the effect of the skin-core-skin thickness ratio on
fundamental natural frequencies and critical buckling loads for various porosity patterns
and coefficients. It is revealed that the reduction in the skin-core-skin thickness ratio leads
to a decrease in fundamental natural frequencies for Type B beams, attributable to a
decrease in bending stiffness. Conversely, Type C beams exhibit an increase in frequencies
as core thickness increases, resulting in improved bending stiffness. Similarly critical

buckling loads decrease consistently with decreasing skin-core-skin thickness ratio.

3.4.4. The Effect of Power Index and Length-To-Thickness Ratio

The influence of the power index and length-to-thickness ratio on the fundamental
natural frequencies and critical buckling loads of CC beams with different porosity
distributions are visually represented in Figures 22-25. It is noted that increasing the power
index enhances fundamental natural frequencies and critical buckling loads for Type B
beams but decreases them for Type C beams across all porosity patterns. Similarly, across
all porosity patterns, higher length-to-thickness ratios lead to increased natural frequencies

and critical buckling loads.

3.4.5. Elastic Foundation Effect

The effect of foundation parameters on the fundamental natural frequencies and
critical buckling loads of the beams is given in Tables 37 and 38 for different porosity
patterns. Likewise, Figures 26 and 27 graphically demonstrate the influence of Winkler and
Pasternak constants on fundamental natural frequencies and critical buckling loads of Type

C beams. Linear trends are evident in both cases.



Table 35. Fundamental natural frequencies variation of the beams with different skin-core-skin thickness ratio, BCs, and porosity distributions
(L/h=35,p=35,K, =25,K,=10)

UD SD ASD
Type  Scheme BCs
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8
TypeB 2-1-2 SS 5.9176 5.9522 5.9994 5.9183 5.9540 6.0032 5.9182 5.9538 6.0030
CC 9.9416 9.9719 10.0185 9.9443 9.9798 10.0376 9.9447 9.9804 10.0384
CF 2.8424 2.8607 2.8853 2.8426 2.8611 2.8863 2.8425 2.8610 2.8862
1-1-1 SS 5.8948 5.9497 6.0265 5.8966 5.9542 6.0369 5.8963 5.9538 6.0365
CC 9.5034 9.5298 9.5780 9.5068 9.5438 9.6180 9.5098 9.5488 9.6251
CF 2.8696 2.9006 2.9434 2.8702 2.9019 2.9463 2.8700 2.9017 2.9461
1-2-1 SS 5.7687 5.8389 5.9394 5.7714 5.8470 5.9621 5.7721 5.8489 5.9663
CC 8.8098 8.7901 8.7808 8.8039 8.7989 8.8397 8.8207 8.8273 8.8830
CF 2.8759 2.9215 2.9859 2.8769 2.9242 2.9929 2.8769 2.9244 2.9936
TypeC 2-1-2 SS 4.6028 4.6256 4.6583 4.6047 4.6299 4.6670 4.6015 4.6250 4.6602
CC 7.8460 7.8566 7.8781 7.8586 7.8811 7.9233 7.8588 7.8816 7.9239
CF 2.5083 2.5247 2.5473 2.5085 2.5253 2.5489 2.5073 2.5235 2.5463
1-1-1 SS 4.6360 4.6732 4.7275 4.6395 4.6813 4.7452 4.6278 4.6634 4.7202
CcC 7.7560 7.7604 7.7776 7.7783 7.8063 7.8674 7.7716 7.7971 7.8559
CF 2.5381 2.5660 2.6052 2.5385 2.5674 2.6089 2.5348 2.5616 2.6007
1-2-1 SS 4.6783 4.7297 4.8074 4.6876 4.7491 4.8472 4.6573 4.7017 4.7806
CC 7.6233 7.5999 7.5789 7.6582 7.6761 7.7404 7.8588 7.8816 7.9239

CF 2.5765 2.6189 2.6798 2.5782 2.6228 2.6892 2.5692 2.6087 2.6692
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Table 36. Critical buckling loads variation of the beams with different skin-core-skin thickness ratio, BCs, and porosity distributions

(L/h=5,p=5,K, =25, K, = 10)

Type  Scheme BCs ub 5D usb
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8

Type B 2-1-2 SS 56.8269 56.6839 56.5161 56.8413 56.7191 56.5936 56.8388 56.7155 56.5889
CC 135.4088 134.3620 133.1466 135.4787 134.5662 133.6370 135.4890 134.5824 133.6594

CF 26.4163 26.4006 26.3821 26.4193 26.4066 26.3935 26.4179 26.4045 26.3906

1-1-1 SS 53.1604 52.7988 52.3617 53.1942 52.8839 52.5559 53.1893 52.8782 52.5506

CcC 117.4725 115.2651 112.6524 117.5501 115.5901 113.5595 117.6260 115.7107 113.7298

CF 25.6836 25.6370 25.5808 25.6945 25.6578 25.6189 25.6886 25.6491 25.6074

1-2-1 SS 47.0380 46.2146 45.1619 47.0797 46.3450 45.5223 47.0949 46.3838 45.5997

CcC 94.1891 90.1149 85.1373 94.0521 90.2651 86.2193 94.4120 90.8544 87.0772

CF 24.2278 24.1003 23.9372 24.2568 24.1546 24.0390 24.2407 24.1324 24.0126

TypeC  2-1-2 SS 31.5345 31.3267 31.0817 31.5833 31.4221 31.2567 31.5547 31.3798 31.2013
CC 75.3644 74.3543 73.1665 75.6465 74.8854 74.1067 75.6709 74.9286 74.1734

CF 18.8196 18.7665 18.7036 18.8317 18.7903 18.7476 18.8215 18.7751 18.7276

1-1-1 SS 30.8751 30.4833 30.0093 30.9621 30.6571 30.3379 30.8311 30.4614 30.0787

CC 71.2980 69.4067 67.1228 71.7706 70.3307 68.8293 71.6620 70.1924 68.6814

CF 18.6597 18.5574 18.4330 18.6831 18.6037 18.5203 18.6400 18.5387 18.4331

1-2-1 SS 30.0065 29.2949 28.4110 30.1896 29.6437 29.0563 29.8378 29.1160 28.3559

cc 66.0736 62.8283 58.7845 66.7802 64.2465 61.5288 75.6709 74.9286 74.1734

CF 18.4343 18.2392 17.9945 18.4915 18.3462 18.1887 18.3751 18.1682 17.9472

¢8
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Figure 22. Effect of power index on fundamental natural frequencies in CC beams across
different porosity distributions (1-2-1, L/h = 15, e, = 0.8, K,, = 25, K}, = 10)
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Figure 23. Effect of power index on critical buckling loads in CC beams across different
porosity distributions (1-2-1, L/h =15, e, = 0.8, K,,, = 25, K}, = 10)
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Figure 24. Effect of length-to-thickness ratio on fundamental natural frequencies in CC
beams across different porosity distributions (1-2-1, e, = 0.8, K, = K, =10,p = 1)
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Figure 25. Effect of length-to-thickness ratio on critical buckling loads in CC beams across
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Table 37. Effect foundation parameters on fundamental frequencies of FGSBs (1-2-1, L/h =5, e,=0.5,p =5)

UD SD UsD
Type K, BCs Ky,
0 50 100 0 50 100 0 50 100

Type B 0 SS 5.3099 5.6480 4.9543 5.3152 5.6530 4.9558 5.3165 5.6542 5.3099
CC 8.4438 8.6636 8.2168 8.4426 8.6624 8.2407 8.4657 8.6850 8.4438

CF 2.7118 3.3293 1.9067 2.7139 3.3309 1.9056 2.7132 3.3304 2.7118

10 SS 5.9589 6.2620 5.6444 5.9636 6.2665 5.6456 5.9647 6.2675 5.9589

CC 8.9056 9.1143 8.6908 8.9045 9.1132 8.7133 8.9265 9.1347 8.9056

CF 3.2036 3.7420 2.5561 3.2051 3.7432 2.5561 3.2052 3.7433 3.2036

25 SS 6.8174 7.0839 6.5443 6.8215 7.0878 6.5453 6.8224 7.0887 6.8174

CC 9.5513 9.7462 9.3513 9.5503 9.7452 9.3724 9.5709 9.7654 9.5513

CF 3.7502 42203 3.2133 3.7513 42212 3.2142 3.7520 42219 3.7502

Type C 0 SS 4.0608 4.5058 3.5821 4.0784 4.5205 3.5336 4.0350 4.4805 4.0608
CC 7.1598 7.4247 6.9439 7.2159 7.4780 6.9180 7.1903 7.4525 7.1598

CF 2.3701 3.0805 1.3279 2.3720 3.0803 1.3070 2.3590 3.0692 2.3701

10 SS 4.9004 5.2749 4.5095 49128 5.2854 4.4695 4.8754 5.2500 4.9004

CC 7.7375 7.9833 7.5372 7.7886 8.0321 7.5140 7.7655 8.0090 7.7375

CF 2.9471 3.5461 2.1940 2.9485 3.5458 2.1811 2.9378 3.5360 2.9471

25 SS 5.9408 6.2531 5.6201 5.9484 6.2595 5.5862 5.9158 6.2279 5.9408

CC 8.5195 8.7435 8.3368 8.5649 8.7870 8.3166 8.5446 8.7666 8.5195

CF 3.5359 4.0500 2.9367 3.5375 4.0500 2.9259 3.5276 4.0406 3.5359
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Table 38. Effect of foundation parameters on critical buckling loads of FGSBs (1-2-1, L/h =5, e, =0.5,p =5)

UD SD USD
Type K, BCs Ky,
0 50 100 0 50 100 0 50 100

Type B 0 SS 33.9500 39.0830 44.2148 34.0264 39.1592 44.2908 34.0511 39.1842 44.3160
CC 80.1628 83.9512 87.5819 80.1216 83.9092 87.5385 80.5894 84.3789 88.0124

CF 10.2220 17.8497 23.1496 10.2603 17.8886 23.1901 10.2401 17.8744 23.1881

10 SS 44.0809 49.2115 54.3409 44.1570 49.2874 54.4166 44.1822 49.3129 54.4424

CC 90.3208 94.1052 97.7289 90.2787 94.0623 97.6847 90.7481 94.5335 98.1601

CF 20.0995 27.5432 32.6499 20.1387 27.5848 32.6952 20.1179 27.5692 32.6904

25 SS 59.2684 64.3954 69.5212 59.3441 64.4709 69.5966 59.3700 64.4971 69.6230
CC 105.5231 109.2997 112.9106 105.4798 109.2556 112.8654 105.9513 109.7290 113.3430

CF 34.6672 41.6901 46.3677 34.7106 41.7415 46.4295 34.6873 41.7206 46.4152

Type C 0 SS 17.0137 22.1291 27.2427 17.2699 22.3852 27.4987 16.8328 21.9469 27.0592
CC 52.4637 56.2649 59.9517 53.4780 57.2808 60.9735 53.0624 56.8674 60.5678

CF 4.5804 11.5471 15.5345 4.6427 11.6435 15.6848 4.4981 11.4807 15.4884

10 SS 27.1094 32.2212 37.3312 27.3653 32.4771 37.5870 26.9259 32.0365 37.1453

CC 62.6092 66.4031 70.0810 63.6235 67.4192 71.1031 63.2076 67.0054 70.6973

CF 14.4741 21.2031 249816 14.5391 21.3102 25.1488 14.3960 21.1506 24.9587

25 SS 42.2396 47.3460 52.4507 42.4954 47.6019 52.7065 42.0525 47.1578 52.2613

CC 77.7772 81.5581 85.2201 78.7923 82.5753 86.2439 78.3759 82.1611 85.8379

CF 28.9777 35.0850 38.3594 29.0603 35.2385 38.5931 28.9202 35.0842 38.4153
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Figure 26. Effect of Winkler and Pasternak foundation on fundamental frequencies of Type C beam with different BCs and porosity
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3.5. Static Analysis of FGSBs with Porous Core Resting on Elastic Foundation
Using FEM

3.5.1. Convergence and Validation Study

The accuracy of the proposed FE model is further validated through a static analysis
for Type A and Type C beams. A comparison of normalized maximum vertical
displacements for non-porous FG sandwich beams is presented in Tables 39 and 40. The
results of the current study are compared with those obtained using different HSDTs
(Sayyad & Avhad, 2019; Vo et al., 2015b) and a quasi-3D theory (Vo et al., 2015b). The
proposed FE model demonstrates exceptional accuracy in predicting normalized maximum
vertical displacements, as evidenced by the close agreement with reference studies,
particularly those incorporating transverse normal deformation effects. Additionally, the
tables indicate that as the power-law index increases, the maximum vertical displacements
of the beams increase accordingly. This trend can be explained by the increased proportion
of the metal phase at higher power-law indices, which leads to a reduction in bending
stiffness, thereby increasing the flexibility of the beam. In addition, the maximum vertical
displacements of the beams decrease in the following sequence: CF, SS, and CC. In
addition to the power-law index, it becomes apparent that the slenderness ratio and
boundary conditions affect maximum vertical displacement, with their effects being more
pronounced in CC beams than in SS and CF beams.

For completeness, Tables 41 and 42 present a comparison of maximum axial normal
stress g, vertical normal stress d, and shear stress g,, for SS beams (Type A: 1-2-1, Type
C: 1-8-1). The proposed FE model accurately captures the stress distributions of the beams,
as confirmed by comparisons with existing studies. Notably, maximum axial stress
decreases for Type A and increases for Type C, while vertical stress shows a varied
behavior. Shear stress increases for Type A and decreases for Type C. These trends are
directly correlated to the metal phase content, which influences Young's modulus and

bending stiftness.
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Table 39. The nondimensional maximum vertical displacements of Type A beams (1-2-1)

p

L/h  BC Theo
/ i 0 1 2 5 10
5 SS  Present 3.1397 5.3612 6.6914 8.4278 9.3101
HSDT? 3.1241 5.0341 6.3359 8.0576 8.9290
HSDT* 3.1654 5.4122 6.7579 8.5137 9.4050
uasi-3D’ 3.1397 5.3612 6.6913 8.4276 9.3099

Q
CC Present 0.8323 1.3072 1.5852 1.9417 2.1212
HSDT* 0.8501 1.3372 1.6225 1.9896 2.1747
uasi-3D’ 0.8327 1.3077 1.5853 1.9416 2.1211

Q
CF Present 28.5532 49.7415 62.4630 79.0683 87.4969
HSDT* 28.7555 50.0741 62.8813 79.6213 88.1270
Quasi-3D3 28.5524 49.7281 62.4386 79.0288 87.4501
20 SS  Present 2.8947 5.0976 6.4236 8.1591 9.0414
HSDT? 2.8585 5.3415 6.6697 8.4045 9.2824
HSDT* 2.8963 5.1006 6.4276 8.1642 9.0471
Quasi-3D3 2.8947 5.0975 6.4235 8.1589 9.0413
CC Present 0.5893 1.0294 1.2938 1.6394 1.8149
HSDT* 0.5933 1.0365 1.3028 1.6512 1.8282
Quasi-3D3 0.5894 1.0293 1.2936 1.6390 1.8145
CF Present 27.6219 48.6886 61.3682 77.9597 86.3942
HSDT* 27.7029 48.8489 61.5809 78.2451 86.7178
Quasi-3D3 27.6217 48.6985 61.3855 77.9869 86.4264

HSDT (Sayyad and Avhad, 2019), HSDT* (Vo et al., 2015b), Quasi-3D’ (Vo et al., 2015b)
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Table 40. The nondimensional maximum vertical displacement of Type C beams (1-2-1)

p

L/h  BC Theo
/ i 0 1 2 5 10
5 SS  Present 3.9374 6.5506 7.7722 8.8090 9.2428
HSDT* 3.9788 6.7166 8.0083 9.0691 9.4817
Quasi—3D3-FEM 3.9374 6.5499 7.7711 8.8078 9.2417
Quasi—3D3-NaVier 3.9374 6.5505 7.7721 8.8089 9.2426
CC Present 1.0049 1.6540 2.0119 2.4588 2.7081
HSDT* 1.0273 1.7079 2.0825 2.5386 2.7866
Quasi—3D3 1.0046 1.6539 2.0122 2.4595 2.7089
CF Present 36.1528 60.2074 71.0318 79.0851 81.9766
HSDT* 36.4685 61.7373 73.2441 81.5334 84.2168
Quasi—3D3 36.1509 60.2081 71.0316 79.0886 81.9813
20 SS  Present 3.6840 6.1381 7.2141 7.9433 8.1707
HSDT* 3.6934 6.2638 7.4085 8.1587 8.3619
Quasi—3D3-FEM 3.6840 6.1377 7.2133 7.9425 8.1700
Quasi—3D3-NaVier 3.6841 6.1383 7.2143 7.9435 8.1710
CC Present 0.7472 1.2447 1.4670 1.6284 1.6845
HSDT* 0.7536 1.2759 1.5122 1.6784 1.7300
Quasi—Z’D3 0.7472 1.2447 1.4669 1.6283 1.6843
CF Present 35.1768 58.6484 68.9200 75.8028 77.9023
HSDT* 35.3495 59.9664 70.9018 77.9882 79.8588
Quasi—3D3 35.1767 58.6432 68.9096 75.7851 77.8811

HSDT (Sayyad and Avhad, 2019), HSDT* (Vo et al., 2015b), Quasi-3D’ (Vo et al., 2015b)
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Table 41. Comparison of maximum axial stress g, vertical stress 7, and shear stress G,., of
Type A beams (1-2-1)

p
L/h BC  Theo

/ Y 0 1 2 5 10
5 Oy Present 3.8001 1.2313 1.5503 1.9670 2.1786
HSDT’ 3.8020 1.2329 1.5527 1.9705 2.1826
HSDT* 3.8025 1.2331 1.5530 1.9707 2.1829
Quasi-3D’ 3.8005 1.2315 1.5505 1.9672 2.1788
o, Present 0.1352 0.0447 0.0564 0.0712 0.0783
HSDT* 0.1352 0.0447 0.0564 0.0712 0.0783
Quasi-3D’ 0.7237 0.7994 0.8348 0.8761 0.8978
0y,  Present 0.7332 0.8123 0.8493 0.8925 0.9151
HSDT* 0.7285 0.8056 0.8424 0.8851 0.9083
Quasi-3D’ 0.7233 0.7993 0.8349 0.8763 0.8980
20 g, Present 15.0109 4.8792 6.1519 7.8177 8.6646
HSDT? 15.0129 4.8801 6.1532 7.8194 8.6665
HSDT* 15.0136 4.8802 6.1534 7.8196 8.6667
Quasi-3D’ 15.0125 4.8797 6.1526 7.8185 8.6655
o, Present 0.0337 0.0111 0.0141 0.0177 0.0195
HSDT* 0.0337 0.0111 0.0141 0.0178 0.0195
Quasi-3D’ 0.7436 0.8192 0.8553 0.8980 0.9207
Oy,  Present 0.7451 0.8215 0.8581 0.9014 0.9243
HSDT* 0.7355 0.8106 0.8486 0.8897 0.9128
Quasi-3D’ 0.7432 0.8193 0.8556 0.8986 0.9214

HSDT (Sayyad and Avhad, 2019), HSDT* (Vo et al., 2015b), Quasi-3D’ (Vo et al., 2015b)
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Table 42. Comparison of maximum axial stress g, vertical stress 7, and shear stress G,, of
Type C beams (1-8-1)

L/h  BC Theory P
0 1 2 5 10
5 0 Present 4.4610 6.0077 6.5262 6.8939 7.2305
HSDT* 4.4660 6.0130 6.5290 6.8930 7.2270
uasi-3D*-FEM 4.4620 6.0100 6.5290 6.8970 7.2330

Q

Quasi-3D’-Navier 4.4603 6.0069 6.5253 6.8927 7.2292
oy, Present 0.0873 0.1044 0.1277 0.0620 0.0000
HSDT* 0.0872 0.1043 0.1277 0.0619 -0.0001
Quasi-3D’ 0.0873 0.1045 0.1279 0.0622 -0.0001
0y, Present 0.7490 0.7223 0.6370 0.5266 0.5738
HSDT* 0.7611 0.7315 0.6432 0.5316 0.5798
Quasi-3D* 0.7568 0.7272 0.6395 0.5286 0.5766
Present 0.7486 0.7219 0.6365 0.5262 0.5733
20 o, HSDT* 17.6340 23.7103 25.6879 26.9741 28.2341
Quasi-3D*-FEM 17.6400 23.7200 25.7000 26.9800 28.2400
Quasi-3D*-Navier 17.6400 23.7200 25.7000 26.9900 28.2500
Present 17.6318 23.7073 25.6848 26.9703 28.2298
o, HSDT* -0.2903 -0.4371 -0.4177 -0.8040 -1.1446
Quasi-3D’ -0.2904 -0.4373 -0.4179 -0.8042 -1.1450
Present -0.2901 -0.4367 -0.4170 -0.8032 -1.1440
6., HSDT! 0.7685 0.7422 0.6548 0.5419 0.5905
Quasi-3D’ 0.7785 0.7416 0.6452 0.5400 0.5969
Present 0.7777 0.7412 0.6454 0.5399 0.5963
HSDT* 0.7683 0.7418 0.6543 0.5414 0.5900

HSDT’ (Sayyad and Avhad, 2019), HSDT* (Vo et al., 2015b), Quasi-3D° (Vo et al., 2015b)

3.5.2. Porosity Effect

Tables 43 and 44 illustrate the impact of porosity on maximum vertical
displacements of the beams subjected to three foundation conditions: no foundation,
Winkler, and Pasternak. The analysis includes three core porosity patterns with different
porosity coefficient values. Regardless of porosity patterns, BCs, or length-to-thickness
ratios, a consistent increase in maximum vertical displacement is observed with increase of
porosity coefficient. The observed phenomenon can be explained by the decrease in
bending stiffness as porosity increases, which results in enhanced beam deflection. Type A
beams consistently exhibit lower maximum vertical displacement than Type C beams

under all conditions. This is a direct consequence of the superior bending stiffness
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provided by the FG face layers in Type A, which effectively mitigates the negative impact
of core porosity on overall beam rigidity. The incorporation of the Winkler parameter
results in a reduction of nondimensional vertical displacement by providing additional
support and stability. The inclusion of the Pasternak foundation further reduces
displacements through increased shear stiffness and bending resistance.

Table 45 presents the variation of nondimensional maximum axial normal, vertical
normal, and shear stresses for SS beams with different porosity patterns and varying
porosity coefficients. The results indicate a consistent increase in nondimensional
maximum axial normal stress with increasing the parameter e,, regardless of porosity
pattern. A positive correlation between vertical normal stress and porosity coefficient is
observed for Type A, whereas an inverse relationship is exhibited for Type C. Shear stress
consistently decreases with increasing porosity for both types. These stress behaviors are
directly linked to the reduction in bending stiffness induced by core porosity. Furthermore,
the incorporation of elastic foundation parameters leads to a decrease in all stress
components.

The variation in maximum vertical displacement of the beams with respect to the
porosity coefficient is depicted in Figures 28 and 29. The figures demonstrate that
maximum vertical displacement increases with increasing porosity coefficient across all
BCs and porosity distributions. The effect of porosity patterns becomes more pronounced
at higher porosity coefficients. SD leads to smaller vertical displacements due to its
superior stiffness distribution along the beam length compared to other patterns.

The nondimensional stress distributions through the thickness of SS beams with
different porosity patterns are given in Figures 30 and 31. A notable correlation between
core porosity and the stress distributions has been observed. A consistent increase in axial
normal stress is observed for both Type A and Type C beams as the porosity coefficient
increases. This phenomenon is attributed to the reduced bending stiffness resulting from
increased core porosity, leading to higher stress levels under identical loading conditions.
For Type A beams, vertical normal stresses increase with increase of porosity coefficient
due to the graded porosity, which reduces stiffness towards the core, allowing greater
deformation in response to the applied load, resulting in elevated vertical normal stresses.

Type C beams demonstrate a decrease in vertical stress with rising porosity. This is
attributed to more evenly distributed stresses across the beam's thickness due to the

progressive material variation from the dense and homogeneous face sheets to the porous
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core. A consistent reduction in shear stresses is observed as the porosity coefficient
increases. This is attributed to the lower shear modulus of the porous core relative to the
dense face sheets, leading to diminished shear stress transmission through the beam
thickness. The observed stress discontinuities at the interfaces between the face sheets and
the core layer are a direct result of the material composition gradation. This gradient,
induced by porosity variations, leads to abrupt changes in material properties. The
magnitude of the stress jump at the face-core interfaces increases with the growing
porosity coefficient. This effect is exacerbated in ASD due to their uneven material

property gradation, leading to more pronounced property mismatches between layers.

3.5.3. The Effect of Skin-Core-Skin Thickness Ratio

The effect of the skin-core-skin thickness ratio on maximum vertical displacement
varies among porosity patterns, as shown in Tables 46 and 47. Type A beams show
decreased displacement as this ratio increases due to the enhanced bending stiffness from a
thicker porous core. The 2-1-2 ratio yields the lowest displacement for Type A beams,
while the 1-2-1 ratio results in the highest. Conversely, Type C beams display increased
displacement with a decreasing ratio, exhibiting the opposite trend. This occurs because the
functionally graded core amplifies the reduction in bending stiffness caused by increased

core thickness.

3.5.4. The Effect of Length-To-Thickness Ratio

Figure 32 displays the effect of the length-to-thickness ratio (L/h) on the maximum
vertical displacements of CF beams across three porosity distribution patterns. As L/h
increases, the nondimensional maximum vertical displacement consistently decreases for
all patterns. The effect of porosity distributions on displacement becomes more significant
at higher L/h ratios, as the beam's overall stiffness and mechanical behavior become

increasingly sensitive to porosity variations.



Table 43. Variation of maximum vertical displacements of Type A beams for various porosity distributions and elastic foundation models

(1-2-1,p=2)
€o
L/h K, K, BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8

5 0 0 SS 7.2959 7.6938 8.2313 7.0609 7.2819 7.5439 7.2458 7.5960 8.0245
CC 1.7792 1.9183 2.1288 1.7378 1.8402 1.9762 1.4145 1.4910 1.5868

CF 67.7269 71.0884 75.4536 65.4273 67.0986 68.9631 67.2633 70.2395 73.8202

100 0 SS 4.9083 5.0842 5.3116 4.8007 4.9008 5.0166 4.8856 5.0416 5.2257

CC 1.5926 1.7028 1.8659 1.5593 1.6409 1.7475 1.5828 1.6784 1.7996

CF 13.8689 13.9642 14.0638 13.7794 13.8212 13.8579 13.8524 13.9392 14.0295

100 10 SS 3.7079 3.8067 3.9316 3.6461 3.7030 3.7679 3.6949 3.7829 3.8849

CcC 1.4223 1.5103 1.6387 1.3960 1.4619 1.5471 1.4145 1.4910 1.5868

CF 10.1261 10.1824 10.2465 10.0819 10.1115 10.1419 10.1175 10.1683 10.2232

20 0 0 SS 6.9421 7.2663 7.6752 6.6986 6.8465 7.0028 6.8944 7.1823 7.5243
CcC 1.4016 1.4701 1.5583 1.3536 1.3869 1.4235 1.3920 1.4527 1.5254

CF 66.3072 69.3895 73.2660 63.9764 65.3715 66.8364 65.8528 68.5921 71.8420

100 0 SS 4.7585 4.9085 5.0915 4.6429 4.7134 4.7868 4.7361 4.8701 5.0247

CcC 1.2847 1.3420 1.4151 1.2443 1.2723 1.3031 1.2767 1.3275 1.3879

CF 13.8711 13.9796 14.1021 13.7808 13.8340 13.8870 13.8540 13.9523 14.0588

100 10 SS 3.6295 3.7159 3.8196 3.5620 3.6032 3.6458 3.6165 3.6939 3.7820

CC 1.1652 1.2122 1.2717 1.1319 1.1551 1.1806 1.1586 1.2004 1.2497

CF 10.0722 10.1279 10.1910 10.0264 10.0542 10.0822 10.0636 10.1141 10.1687
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Table 44. Variation of maximum vertical displacements of Type C beams for various porosity distributions and elastic foundation models

(1-2-1,p=2)
€o
L/h K, K, BCs UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8

5 0 0 SS 8.4058 8.7952 9.3432 8.3622 8.6906 9.0860 8.4936 8.8991 9.3781
CcC 2.1932 2.3485 2.5814 2.1822 2.3146 2.4807 2.1786 2.3012 2.4464

CF 76.6794 79.8023 84.0786 76.2715 78.8874 81.9798 77.7728 81.3342 85.5383

100 O SS 5.3863 5.5423 5.7529 5.3685 5.5009 5.6552 5.4231 5.5852 5.7696

CcC 1.9149 2.0317 2.2029 1.9065 2.0064 2.1294 1.9040 1.9968 2.1050

CF 14.0614 14.1185 14.1809 14.0500 14.0980 14.1462 14.1024 14.1800 14.2611

100 10 SS 3.9739 4.0575 4.1681 3.9643 4.0354 4.1171 3.9944 4.0812 4.1784

CcC 1.6751 1.7647 1.8938 1.6687 1.7454 1.8386 1.6661 1.7370 1.8187

CF 10.2457 10.2845 10.3317 10.2396 10.2725 10.3079 10.2615 10.3056 10.3523

20 0 0 SS 7.7763 8.0657 8.4537 7.7345 7.9758 8.2572 7.9048 8.2565 8.6714
CcC 1.5830 1.6460 1.7318 1.5746 1.6273 1.6894 1.6066 1.6796 1.7658

CF 74.2935 77.0353 80.7019 73.8944 76.1807 78.8411 75.5431 78.9000 82.8600

100 O SS 5.1359 5.2603 5.4223 5.1176 5.2220 5.3410 5.1916 5.3409 5.5112

CcC 1.4354 1.4870 1.5566 1.4285 1.4717 1.5223 1.4548 1.5144 1.5840

CF 14.1303 14.2064 14.2988 14.1184 14.1829 14.2526 14.1673 14.2577 14.3539

100 10 SS 3.8445 3.9137 4.0024 3.8343 3.8925 3.9580 3.8757 3.9580 4.0506

CcC 1.2882 1.3297 1.3853 1.2826 1.3174 1.3580 1.3037 1.3514 1.4066

CF 10.2071 10.2463 10.2941 10.2011 10.2344 10.2704 10.2254 10.2714 10.3203
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Table 45. Variation of maximum stresses in SS beams with different porosity distributions and elastic foundation models
(L/h=5,1-2-1,p=2)

€o
Type K, K, Stress UD SD ASD
0.4 0.6 0.8 0.4 0.6 0.4 0.4 0.6 0.8

Type A 0 0 Oy 1.6770 1.7568 1.8583 1.6191 1.6569 1.6976 1.6186 1.6548 1.6925
o, 0.0612 0.0644 0.0688 0.0596 0.0617 0.0642 0.0482 0.0431 0.0372

Oz 0.7841 0.7447 0.6790 0.6490 0.5093 0.3098 0.7604 0.7078 0.6359

100 0 Oy 1.1180 1.1498 1.1867 1.0912 1.1049 1.1180 1.0815 1.0878 1.0908

o, 0.0543 0.0568 0.0601 0.0529 0.0544 0.0561 0.0455 0.0426 0.0392

Oz 0.5712 0.5352 0.4792 0.4767 0.3712 0.2237 0.5550 0.5104 0.4519

100 10 Ty 0.8403 0.8565 0.8739 0.8247 0.8307 0.8356 0.8138 0.8120 0.8066

a, 0.0512 0.0535 0.0564 0.0498 0.0510 0.0525 0.0445 0.0426 0.0406

Oz 0.4572 0.4252 0.3771 0.3829 0.2967 0.1778 0.4445 0.4062 0.3570

Type C 0 0 Oy 6.5434 6.6064 6.6719 6.4772 6.5029 6.5270 6.5873 6.6833 6.7910
o, 0.1792 0.1673 0.1507 0.1859 0.1800 0.1733 0.2186 0.2335 0.2515

Oz 0.5246 0.4839 0.4199 0.4268 0.3222 0.1857 0.4823 0.4222 0.3503

100 0 Oy 4.1387 4.1056 4.0459 4.1045 4.0595 4.0024 4.1508 4.1359 4.1151

a, 0.1730 0.1661 0.1567 0.1763 0.1725 0.1682 0.1971 0.2060 0.2163

Oz 0.3675 0.3346 0.2852 0.2993 0.2235 0.1272 0.3369 0.2911 0.2379

100 10 Oy 3.0315 2.9834 2.9090 3.0090 2.9559 2.8914 3.0345 2.9986 2.9557

o, 0.1716 0.1673 0.1613 0.1733 0.1707 0.1678 0.1886 0.1952 0.2027

Oz 0.2879 0.2603 0.2198 0.2346 0.1741 0.0984 0.2638 0.2265 0.1838

101
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Table 46. Maximum vertical displacement of Type A beams with different skin-core-skin thickness ratios, BCs, and porosity distributions
(p =5, Ky, =25,K,=10)

UD SD ASD
L/h Scheme BCs
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8

5 2-1-2 SS 6.3394 6.3673 6.4025 6.3263 6.3448 6.3654 6.3358 6.3595 6.3857
CC 2.3728 2.4159 2.4746 2.3647 2.3990 2.4391 2.3690 2.4055 2.4479

CF 21.5254 21.5684 21.6237 21.5079 21.5378 21.5714 21.5201 21.5567 21.5976

1-1-1 SS 5.9375 6.0187 6.1201 5.8872 5.9347 5.9876 5.9262 5.9973 6.0775

CcC 2.1479 2.2266 2.3379 2.1241 2.1822 2.2538 2.1403 2.2078 2.2894

CF 20.9789 21.0990 21.2500 20.9080 20.9808 21.0627 20.9626 21.0677 21.1862

1-2-1 SS 5.2883 5.4829 5.7303 5.1599 5.2648 5.3833 5.2636 5.4397 5.6498

CcC 1.8370 1.9693 2.1623 1.7877 1.8795 1.9984 1.8247 1.9411 2.0897

CF 20.0096 20.3178 20.6996 19.8022 19.9741 20.1663 19.9698 20.2498 20.5748

20 2-1-2 SS 6.2694 6.2862 6.3056 6.2562 6.2648 6.2734 6.2664 6.2807 6.2957
CC 2.0711 2.0822 2.0957 2.0639 2.0703 2.0771 2.0693 2.0788 2.0890

CF 21.2717 21.2946 21.3213 21.2547 21.2668 21.2794 21.2677 21.2873 21.3079

1-1-1 SS 5.8592 5.9256 6.0032 5.8063 5.8388 5.8720 5.8485 5.9070 5.9711

CC 1.8575 1.8935 1.9373 1.8315 1.8500 1.8698 1.8521 1.8836 1.9190

CF 20.7244 20.8173 20.9250 20.6511 20.6978 20.7455 20.7095 20.7916 20.8807

1-2-1 SS 5.1885 5.3664 5.5844 5.0512 5.1338 5.2199 5.1635 5.3256 5.5172

cc 1.5450 1.6272 1.7334 1.4864 1.5252 1.5675 1.5341 1.6084 1.6996

CF 19.7366 20.0131 20.3397 19.5179 19.6521 19.7898 19.6973 19.9511 20.2409
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Table 47. Maximum vertical displacement of Type C beams with different skin-core-skin thickness ratios, BCs, and porosity distributions

(»=5,K, =25,K,=10)

UD SD ASD
L/h Scheme BCs
0.4 0.6 0.8 0.4 0.6 0.8 0.4 0.6 0.8
5 2-1-2 SS 49014 4.9330 4.9708 4.8941 49185 4.9439 4.8986 4.9253 4.9528
CC 1.7379 1.7620 1.7911 1.7311 1.7490 1.7676 1.7302 1.7474 1.7652
CF 19.3178 19.3720 19.4365 19.3052 19.3472 19.3906 19.3134 19.3594 19.4067
1-1-1 SS 5.0025 5.0649 5.1426 4.9888 5.0370 5.0885 5.0100 5.0695 5.1326
CC 1.8423 1.8937 1.9597 1.8294 1.8676 1.9091 1.8310 1.8693 1.9104
CF 19.4891 19.5948 19.7248 19.4656 19.5474 19.6340 19.5030 19.6039 19.7099
1-2-1 SS 5.1427 5.2642 5.4230 5.1119 5.2032 5.3051 5.1722 5.2978 5.4368
CC 1.9975 2.1036 2.2524 1.9753 2.0549 2.1476 1.9826 2.0640 2.1561
CF 19.7258 19.9280 20.1876 19.6725 19.8248 19.9925 19.7763 19.9841 20.2093
20 2-1-2 SS 4.7254 4.7513 4.7821 4.7202 4.7406 4.7618 4.7267 4.7505 4.7751
CC 1.3587 1.3699 1.3835 1.3563 1.3651 1.3743 1.3587 1.3688 1.3792
CF 18.9837 19.0288 19.0822 18.9744 19.0102 19.0470 18.9858 19.0273 19.0699
1-1-1 SS 4.7912 4.8408 49016 4.7813 4.8204 4.8618 4.8084 4.8623 4.9196
CC 1.3900 1.4122 1.4398 1.3854 1.4027 1.4213 1.3959 1.4191 1.4439
CF 19.0982 19.1832 19.2863 19.0810 19.1483 19.2190 19.1276 19.2196 19.3161
1-2-1 SS 4.8788 4.9740 5.0944 48513 4.9221 4.9996 4.9275 5.0440 5.1735
CcC 1.4332 1.4771 1.5346 1.4212 1.4537 1.4901 1.4513 1.5025 1.5608

CF 19.2480 19.4075 19.6051 19.2013 19.3211 19.4503 19.3296 19.5220 19.7305
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3.5.5. Elastic Foundation Effect

The numerical results showcasing the influence of foundation parameters and porosity
patterns on maximum vertical displacement and stresses are tabulated in Tables 48 and 49.
Increasing foundation parameters uniformly reduces maximum vertical displacement and
stresses across all porosity distributions. This enhancement in beam performance is attributed
to the boosted bending stiffness provided by the elastic foundation. To assess the impact of
Winkler and Pasternak parameters, Figure 33 depicts the maximum vertical displacement
variation of Type A beams as a function of K, and K,,. It deserves to be pointed out that a
significant reduction in maximum vertical displacements for FGSBs is observed with
increasing foundation parameters, with the Pasternak parameter exerting a more pronounced
effect. Furthermore, porosity distributions have minimal impact on CF beams due to the
dominant effect of the elastic foundation on bending stiffness. Similarly, Figures 34-36
graphically depict the stress distribution within the thickness of SS Type A beams with
respect to K, and K,,. A consistent reduction in nondimensional axial, vertical, and shear
stresses is observed for all porosity distribution patterns as foundation parameters increase,
especially with increasing Pasternak parameters. This can be attributed to the strengthened
shear interaction between the shear layer and the beam, leading to improved overall stability
and stiffness. Therefore, it can be conclusively stated that the Pasternak parameter is more

influential than the Winkler parameter in altering the static behavior of FGSBs.



Table 48. Effect of foundation parameters on maximum vertical displacement of FGSBs (1-2-1, L/h=5,p =5, eq = 0.5)

Ky
Type K, BCs UD SD USD
0 50 100 0 50 100 0 50 100

Type A 0 SS 9.6704 7.3153 5.8788 9.1348 7.0043 5.6763 9.5639 7.2543 5.8395
CC 2.2991 2.1377 1.9971 2.2000 2.0517 1.9218 2.2719 2.1142 1.9766
CF 90.1802 25.4439 14.4665 84.9819 25.0307 14.3526 89.2069 25.3718 14.4484
10 SS 59131 4.9364 4.2347 5.7083 4.7928 4.1288 5.8733 4.9087 4.2145
CC 1.9597 1.8406 1.7350 1.8881 1.7772 1.6785 1.9398 1.8231 1.7194
CF 28.7861 15.4406 10.4300 28.2042 15.2920 10.3748 28.6717 15.4125 10.4202
25 SS 3.7294 3.3133 2.9800 3.6470 3.2482 2.9273 3.7137 3.3010 2.9701
CC 1.6073 1.5259 1.4521 1.5596 1.4827 1.4130 1.5939 1.5138 1.4411
CF 15.0635 10.2248 7.6957 14.8773 10.1488 7.6591 15.0230 10.2084 7.6879
Type C 0 SS 9.1064 6.9860 5.6624 8.9715 6.9066 5.6104 9.2048 7.0448 5.7018
CC 2.5131 2.3194 2.1530 2.4635 2.2772 2.1166 2.4773 2.2892 2.1272
CF 81.9713 24.6044 14.1376 80.8469 24.5142 14.1166 83.3542 24.7442 14.1891
10 SS 5.6965 4.7833 4.1206 5.6437 4.7462 4.0932 5.7359 4.8117 4.1420
CC 2.1201 1.9800 1.8569 2.0843 1.9488 1.8295 2.0933 1.9568 1.8366
CF 28.1745 15.2212 10.3075 28.0106 15.1813 10.2941 28.2813 15.2563 10.3255
25 SS 3.6417 3.2434 2.9228 3.6203 3.2265 2.9092 3.6585 3.2570 2.9340
CC 1.7211 1.6271 1.5426 1.6970 1.6056 1.5233 1.7020 1.6102 1.5275
CF 15.0119 10.1867 7.6650 14.9481 10.1610 7.6528 15.0198 10.1914 7.6682
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Table 49. Effect of foundation parameters on maximum stresses of SS beams (1-2-1, L/h=5,p =15, e, = 0.5)

KW

Type K,  Stress UD SD USD
0 50 100 0 50 100 0 50 100
Type A 0 o4y 2.2377 1.6827 1.3443 2.1071 1.6065 1.2946 2.1205 1.5989 1.2795
o, 0.0809 0.0743 0.0703 0.6238 0.5030 0.4276 0.7831 0.6261 0.5298
Oxz 0.8162 0.6512 0.5504 0.6238 0.5030 0.4276 0.7831 0.6261 0.5298
10 &, 1.3576 1.1276 0.9625 1.3069 1.0920 0.9362 1.2920 1.0743 0.9177
o, 0.0709 0.0682 0.0663 0.0677 0.0650 0.0631 0.0559 0.0556 0.0553
Oxz 0.5441 0.4754 0.4260 0.4229 0.3709 0.3331 0.5238 0.4581 0.4107
25 oy 0.8498 0.7519 0.6736 0.8288 0.7353 0.6601 0.8107 0.7176 0.6431
o, 0.0655 0.0643 0.0634 0.0622 0.0611 0.0602 0.0557 0.0555 0.0554
Oxz 0.3796 0.3502 0.3266 0.2975 0.2747 0.2563 0.3661 0.3379 0.3151
Type C 0 oy 7.9023 5.7503 4.4992 7.2368 5.3445 4.2185 7.6549 5.5261 4.3028
Oy 0.1478 0.1515 0.1539 0.1571 0.1578 0.1584 0.1942 0.1864 0.1815
Oxz 0.3455 0.2784 0.2364 0.2522 0.2038 0.1733 0.3116 0.2506 0.2126
10 &, 4.5618 3.7354 3.1542 4.2762 3.5220 2.9864 4.3629 3.5604 2.9987
Oy 0.1557 0.1573 0.1585 0.1602 0.1606 0.1609 0.1835 0.1802 0.1778
Oz 0.2329 0.2039 0.1828 0.1708 0.1497 0.1343 0.2096 0.1834 0.1644
25 g, 2.7766 2.4408 2.1744 2.6363 2.3230 2.0735 2.6349 23123 2.0569
0, 0.1615 0.1623 0.1629 0.1632 0.1634 0.1636 0.1782 0.1768 0.1757
Oz 0.1620 0.1493 0.1391 0.1191 0.1098 0.1023 0.1458 0.1344 0.1252
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3.6. Computational Modelling of FGSBs with Porous Core Using Ansys APDL

3.6.1. Convergence and Validation Study

The proposed approach is validated by comparing results for non-porous Type A
beams with the FE model and the available studies. Tables 50-52 compare nondimensional
displacements, buckling loads, and frequencies with FEM results and previous studies
using HSDT (Vo et al., 2014, 2015b) and quasi-3D theories (Nguyen et al., 2016; Vo et al.,
2015a) The presented approach yields highly accurate results, with less than 1% difference
from analytical results across power-index values. This difference is lower for CF beams
than CC beams and decreases with increasing the length-to-thickness ratio. Therefore, the
new approach proves to be suitable and reliable for studying the mechanical behavior of
FGSB:s.

To evaluate the accuracy and reliability of the proposed modeling technique, Tables
53 and 54 present a comparison of fundamental natural frequencies derived from both the
proposed approach and an FE model for diverse FGSB configurations including 1-0-1, 2-1-
2, 1-1-1, and 1-2-1 ratios. The strong correlation between the obtained results provides
compelling evidence for the accuracy and robustness of the proposed modeling technique,

thus establishing its suitability for diverse FGSB designs.

Table 50. Nondimensional maximum vertical displacements of Type A beams (1-2-1)

p

L/h BC  Theory 0 1 5 s 10
5 CF  ANSYS 28.6720 49.7280 62.6080 79.4080 88.0320
Quasi-3D-FEM 28.5532 49.7415 62.4630 79.0683 87.4969

HSDT* 28.7555 50.0741 62.8813 79.6213 88.1270

Quasi-3D’ 28.5524 49.7281 62.4386 79.0288 87.4501

CC  ANSYS 0.8366 1.3104 1.5904 1.9488 2.1392
Quasi-3D-FEM 0.8323 1.3072 1.5852 1.9417 2.1212

HSDT* 0.8501 1.3372 1.6225 1.9896 2.1747

Quasi-3D’ 0.8327 1.3077 1.5853 1.9416 2.1211

20 CF  ANSYS 27.6063 48.5625 61.2500 77.8750 86.6250
Quasi-3D-FEM 27.6219 48.6886 61.3682 77.9597 86.3942

HSDT* 27.7029 48.8489 61.5809 78.2451 86.7178

Quasi-3D’ 27.6217 48.6985 61.3855 77.9869 86.4264

CC  ANSYS 0.5906 1.0281 1.2906 1.6406 1.8200
Quasi-3D-FEM 0.5893 1.0294 1.2938 1.6394 1.8149

HSDT* 0.5933 1.0365 1.3028 1.6512 1.8282

Quasi-3D’ 0.5894 1.0293 1.2936 1.6390 1.8145

HSDT’ (Sayyad and Avhad, 2019), HSDT* (Vo et al., 2015b), Quasi-3D’ (Vo et al., 2015b)
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Table 51. Nondimensional critical buckling loads of Type A beams (1-2-1)

L/h BCs  Theory p
0 1 2 5 10
5 CF ANSYS 13.1574 7.5137 5.9550 4.6770 4.2642
Quasi-3D-FEM 13.1120 7.4938 5.9593 4.7023 4.2475
HSDT' 13.0595 7.4638 5.9347 4.6806 4.2268
Quasi-3D' 13.1138 7.4948 5.9601 4.7028 4.2480
Quasi-3D’ 13.1224 7.5028 5.9674 4.7088 4.2533
20 CF ANSYS 13.4112 7.6149 6.0311 4.7394 4.2649
Quasi-3D-FEM 13.3958 7.5961 6.0256 4.7424 4.2791
HSDT' 13.3730 7.5815 6.0134 4.7323 4.2698
Quasi-3D' 13.3993 7.5986 6.0278 4.7443 4.2809
Quasi-3D’ 13.3981 7.5965 6.0257 4.7423 4.2789

HSDT' (Vo et al., 2014); Quasi-3D' (Nguyen et al., 2016); Quasi-3D” (Vo et al., 2015a)

Table 52. Nondimensional fundamental natural frequencies of Type A beams (1-2-1)

p
L/h  BCs Th

/ s =Ly 0 1 2 5 10

5 CF ANSYS 1.9074 15139 13706 12349 1.1817

Quasi-3D-FEM 1.9053 15094 13677 12346  1.1820

HSDT 1.8953 14993 13582 12258  1.1734

Quasi-3D! 1.9053 1.5071 13653 12323 1.1798

Quasi-3D? 1.9055 15075 13658 12329  1.1804

CC  ANSYS 101700 84912 78212 71521  6.8639

Quasi-3D-FEM 101748 84729  7.8087  7.1531  6.8915

HSDT! 100726 83747 77149 70723 68119

Quasi-3D! 10.1790 84653  7.8008  7.1550  6.8934

Quasi-3D? 10.1851 84752 78114 71652  6.9030

20 CF  ANSYS 1.9540 15351 13865 12479  1.1927

Quasi-3D-FEM 1.9548 15347 13872 12494  1.1952

HSDT! 1.9496 15304 13831 12456  1.1915

Quasi-3D! 1.9530 15335 13860 12484  1.1943

Quasi-3D? 1.9527 15329 13855 12478  1.1937

CC  ANSYS 122798 9.6949 87700  7.9025  7.5553

Quasi-3D-FEM 122752 9.6856 87679  7.9080  7.5541

HSDT! 122243 96419 87268 78696  7.5315

Quasi-3D' 122756 9.6866 87690 79092  7.5700

Quasi-3D? 122660  9.6768 87593 79000  7.5609

HSDT' (Vo et al., 2014); Quasi-3D' (Nguyen et al., 2016); Quasi-3D” (Vo et al., 2015a)

To provide a comprehensive comparison, Table 55 presents the first three natural
frequencies of the beams. The results obtained from Ansys simulations and quasi-3D-FEM

exhibit excellent agreement across various modes and BCs. The negligible differences
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between the results strongly support the accuracy and reliability of the proposed modeling

technique in determining the natural frequencies of FGSBs.

Table 53. Comparison of fundamental natural frequencies of CF Type A beams

p

L/h Scheme Theory 0 " 5 s 0
5 1-0-1 ANSYS 1.9114 1.3152 1.1250 1.0048 0.9875
Quasi-3D-FEM 1.9073 1.3097 1.1222 1.0043 0.9878
2-1-2 ANSYS 19114 1.3717 1.1861 1.0388 0.9971
Quasi-3D-FEM 1.9073 1.3670 1.1831 1.0380 0.9983
1-1-1 ANSYS 1.9114 1.4248 1.2535 1.1028 1.0500
Quasi-3D-FEM 1.9073 1.4212 1.2505 1.1017 1.0510
1-2-1 ANSYS 1.9114 1.5139 1.3706 1.2349 1.1817
Quasi-3D-FEM 1.9073 1.5094 1.3677 1.2346 1.1820
20 1-0-1 ANSYS 1.9540 1.3313 1.1371 1.0179 1.0038
Quasi-3D-FEM 1.9548 1.3291 1.1364 1.0175 1.0033
2-1-2 ANSYS 1.9540 1.3883 1.1976 1.0487 1.0082
Quasi-3D-FEM 1.9548 1.3871 1.1973 1.0486 1.0084
1-1-1 ANSYS 1.9540 1.4428 1.2660 1.1124 1.0596
Quasi-3D-FEM 1.9548 1.4430 1.2661 1.1130 1.0612
1-2-1 ANSYS 1.9540 1.5351 1.3865 1.2479 1.1927
Quasi-3D-FEM 1.9548 1.5347 1.3872 1.2494 1.1952

Table 54. Comparison of fundamental natural frequencies of CC Type A beams

p

L/h Scheme  Theory 0 " 5 s 0
5 1-0-1 ANSYS 10.1700 7.4712 6.4660 5.7652 5.5809
Quasi-3D-FEM 10.1748 7.4499 6.4852 5.7931 5.5998
2-1-2 ANSYS 10.1700 7.7983 6.8626 6.0763 5.8414
Quasi-3D-FEM 10.1748 7.7828 6.8711 6.1024 5.8752
1-1-1 ANSYS 10.1700 8.0711 7.2354 6.4309 6.1747
Quasi-3D-FEM 10.1748 8.0570 7.2298 6.4674 6.1997
1-2-1 ANSYS 10.1700 8.4912 7.8212 7.1521 6.8639
Quasi-3D-FEM 10.1748 8.4729 7.8087 7.1531 6.8915
20 1-0-1 ANSYS 12.2798 8.4180 7.1968 6.4335 6.3308
Quasi-3D-FEM 12.2752 8.3986 7.1908 6.4368 6.3332
2-1-2 ANSYS 12.2798 8.7789 7.5840 6.6413 6.3787
Quasi-3D-FEM 12.2752 8.7651 7.5786 6.6446 6.3783
1-1-1 ANSYS 12.2798 9.1201 8.0155 7.0487 6.7124
Quasi-3D-FEM 12.2752 9.1147 8.0115 7.0523 6.7132
1-2-1 ANSYS 12.2798 9.6949 8.7700 7.9025 7.5553

Quasi-3D-FEM 12.2752 9.6856 8.7679 7.9080 7.5541
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Table 55. The first three natural frequencies of Type A beams (1-2-1, L/h =10, p =5)

CF CC
Mode ; :
ANSYS Quasi-3D-FEM ANSYS Quasi-3D-FEM
1 1.2467 1.2471 7.7454 7.7474
2 7.5557 7.6120 20.4820 20.5262
3 20.2623 20.5557 38.2038 38.3320

Visual representations in Figures 37-39 illustrate the changes in maximum vertical
displacements, critical buckling loads, and fundamental natural frequencies with respect to
power indices for both models. The strong correlation between the numerical and
analytical results compellingly demonstrates the accuracy and suitability of the proposed
technique for analyzing and designing FGSBs. Consistent with expectations, increasing,
the power index leads to higher displacements but lower buckling loads and frequencies.

Figure 40 visualizes stress distribution through the thickness of the CF beam. The
remarkable agreement observed between the FE model and Ansys simulation provides
robust evidence for the accuracy of the formulated model. As expected, the normal stress
distributions are symmetric about the beam mid-plane, with peak values at the core's upper
and lower interfaces. This symmetric profile is the direct result of the material's gradual
variations across the beam thickness. The shear stress distribution is also symmetric,
peaking at the midplane and vanishing at the top and bottom surfaces. The observed

hyperbolic stress profile results from smooth material property transitions in the FG layers.

90
—»— ANSYS —»— ANSYS

-4~ Quasi —3D— FEM 1.8 1 ~*- Quasi—3D—FEM

70 1

50 4

30 A
CcC

Figure 37. Maximum displacement of beams with power-index (1-2-1, L/h = 10)
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Figure 38. Critical buckling load of CF beam with power-index (1-2-1, L/h = 10)
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Figure 39. Fundamental natural frequencies of beams with power-index (1-2-1, L /h =10)

3.6.2. Porosity Effect

The maximum vertical displacements, critical buckling loads, and fundamental natural
frequencies of Type A beams versus porosity coefficients for different porosity distributions
are plotted in Figures 41-43. The observed trends align with previous findings, with
increasing porosity coefficient consistently leading to higher displacements and frequencies,
and lower buckling loads, for all BCs and porosity patterns. The increasing divergence
between Ansys simulation and FE model results as the porosity increases can be attributed to

the heightened complexity in modeling material behavior at elevated porosity levels.
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4. CONCLUSIONS AND RECOMMENDATIONS

4.1. Conclusions

This thesis presents an in-depth analysis of static, dynamic, and stability
characteristics of FGSBs with porous core, supported by a Winkler-Pasternak elastic
foundation.

The dissertation began with an overview of FGMs and FGPMs covering briefly their
historical development and fundamental concepts. The most commonly used
homogenization rules, porosity distributions, theories, and solutions methods for analysis
and modeling were also highlighted. An extensive review of recent literature on the
mechanical behavior of FGP beam structures was also discussed. The review revealed a
limited application of the Ritz method and FEM solutions based on HSNDTs in the
analysis of FGSBs. Additionally, it highlights the need for more comprehensive studies on
FGSBs with porous core on elastic foundations.

Considering the existing gaps in the literature, this study aimed to comprehensively
investigate the combined effects of core porosity and elastic foundation on the free
vibration, buckling, and static characteristics of FGSBs with various core configurations.
To achieve this, Navier and Ritz-type analytical models and a new FE model based on
quasi-3D theory are developed. A power-law function is used to define the gradual
variation of material properties across thickness. Three types of porosity patterns in the
core are considered: uniform, symmetric, and asymmetric. Additionally, a novel modeling
technique for FG sandwich beams with porous cores was introduced using Ansys
Mechanical APDL. The accuracy and efficiency of these quasi-3D theory-based solution
models in predicting the mechanical responses of FGSBs were demonstrated and validated
through comparisons with existing literature, particularly with those based on HSDTs and
quasi-3D theories. A comprehensive analysis of various parameters highlighted their
impact on FGSBs' performance. Notably, the key findings include:

e Solution models: The proposed quasi-3D theory-based Navier and Ritz-type

analytical models, FE and Ansys models predict the mechanical responses of

FGSBs with porous cores resting on Winkler-Pasternak elastic foundation more
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accurately and efficiently, underscoring the robustness of the developed solution
models.

Material composition: The power-law index significantly influences beam
behavior. For ceramic and FG cores, frequencies and buckling loads decrease with
increasing power-law index, while the opposite occurs for metal cores.
Additionally, vertical displacement increases for ceramic cores.

Porosity: Porosity significantly influences beam behavior. Higher porosity
enhances frequencies and displacements but reduces buckling loads due to
reduced stiffness and mass. Symmetric porosity distribution optimizes structural
performance.

Elastic foundation: The Winkler-Pasternak foundation proves beneficial in
improving the structural performance of FG sandwich beams by increasing their
stiffness and stability, resulting in higher natural frequencies, increased buckling

loads, and reduced displacements.

The benchmark results presented in this thesis offer a valuable reference for future

research on FGSBs with porous core and their practical applications. These findings can

guide the design and optimization of such beams across various engineering fields.

4.2. Recommendations

Although this research offers significant insights into FGSBs with porous core,

additional research is necessary to delve deeper into specific areas.

The current work should be extended to include nonlinear static, dynamic, and
stability analysis of these beams. Investigating their performance under dynamic
loading conditions, such as impact or cyclic loading, would be valuable for
assessing their behavior in more diverse scenarios.

The foundation effect should be investigated with more sophisticated models,
such as the three-parameter Kerr model, to capture the foundation behavior
more accurately.

Mechanical responses of FGSBs with porous core resting on an elastic
foundation in a hydro-thermal environment should be explored, considering the

potential applications in extreme conditions.
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The behavior of 2D and 3D FGSBs with porous core resting on elastic
foundations should be studied.

Damage detection and evolution in FGSBs with porous core under various
loading conditions should be investigated.

Experimental validation would enhance the understanding of FGSBs with
porous core mechanical behavior, complementing existing numerical and
analytical results.

The present thesis can be extended to study the static, dynamic, and stability
analysis of other structural elements such as FG sandwich plates and shells with

porous core.
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