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In this paper, we introduce the concept of fuzzy ordered hyperideals of ordered semihyperrings, which is a generalization of the
concept of fuzzy hyperideals of semihyperrings to ordered semihyperring theory, and we investigate its related properties. We show
that every fuzzy ordered quasi-hyperideal is a fuzzy ordered bi-hyperideal, and, in a regular ordered semihyperring, fuzzy ordered
quasi-hyperideal and fuzzy ordered bi-hyperideal coincide.

1. Introduction

The theory of algebraic hyperstructures is a well-established
branch of classical algebraic theory which was initiated by
Marty [1]. Since then many researchers have worked on
algebraic hyperstructures and developed it [2, 3]. A short
review of this theory appears in [4-8].

The notion of semiring was introduced by Vandiver [9]
in 1934, which is a generalization of rings. Semirings are
very useful for solving problems in graph theory, automata
theory, coding theory, analysis of computer programs, and so
on. We refer to [10] for the information we need concerning
semiring theory. In [I11-13], quasi-ideals of semirings are
studied and some properties and related results are given.
In [8], Vougiouklis generalized the notion of hyperring and
named it as semihyperring, where both the addition and
multiplication are hyperoperations. Semihyperrings are a
generalization of Krasner hyperrings. Davvaz, in [14], studies
the notion of semihyperring in a general form. Ameri and
Hedayati define k-hyperideals in semihyperrings in [15]. In
2011, Heidari and Davvaz [16] studied a semihypergroup
(H,°) with a binary relation <, where < is a partial order
so that the monotony condition is satisfied. This structure is
called an ordered semihypergroup. Properties of hyperideals
in ordered semihypergroups are studied in [17]. Also, the
properties of fuzzy hyperideals in an ordered semihyper-
group are investigated in [18, 19]. Yaqoop and Gulistan
[20] study the concept of ordered LA-semihypergroup. In

[21], Davvaz and Omidi introduce the basic notions and
properties of ordered semihyperrings and prove some results
in this respect. In 2018, Omidi and Davvaz [22] studied on
special kinds of hyperideals in ordered semihyperrings. Some
properties of hyperideals in ordered Krasner hyperrings can
be found in [23].

After the introduction of fuzzy sets by Zadeh [24], recon-
sideration of the concept of classical mathematics began.
Because of the importance of group theory in mathematics,
as well as its many areas of application, the notion of fuzzy
subgroup is defined by Rosenfeld [25] and its structure is
investigated. This subject has been studied further by many
others [26, 27]. Fuzzy sets and hyperstructures introduced
by Zadeh and Marty, respectively, are now used in the world
both on the theoretical point of view and for their many
applications. There exists a rich bibliography: publications
that appeared within 2015 can be found in “Fuzzy Algebraic
Hyperstructures - An Introduction” by Davvaz and Cristea
[28]. Recently, many researchers have considered fuzzifica-
tion on many algebraic structures, for example, on semi-
groups, rings, semirings, near-rings, ordered semigroups,
semihypergroups, ordered semihypergroups, and ordered
hyperrings [29-34].

Inspired by the study on ordered semihyperrings, we
study the concept of fuzzy ordered hyperideals, fuzzy ordered
quasi-hyperideals, and fuzzy ordered bi-hyperideals of an
ordered semihyperring and we present some examples in
this respect. The rest of this paper is organized as follows.
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In the second section, we review basic concepts regarding
the ordered hyperstructures. The third section is dedicated
to the fuzzy ordered hyperideals and some properties. In
Section 4, we introduce the concept of fuzzy ordered quasi-
hyperideals and fuzzy ordered bi-hyperideals of an ordered
semihyperring and we present some examples. We give the
main theorems which characterize the ordered hyperideals,
ordered quasi-hyperideals, and ordered bi-hyperideals in
terms of fuzzy ordered hyperideals, fuzzy ordered quasi-
hyperideals, and fuzzy ordered bi-hyperideals, respectively.

2. Terminology and Basic Properties

In what follows, we summarize some basic notions and
facts about semihypergroups, semihyperrings, and ordered
semihyperrings.

Let H be a nonempty set and let 9?*(H) be the set of
all nonempty subsets of H. A hyperoperation on H is a map
o : Hx H — 9"(H) and the pair (H,o) is called a
hypergroupoid. For any x € H and A, B € 2" (H), we denote

AoB:U{xonyEA,yEB},
xoA={x}oA, ¢y
Aox=Ao{x}.

A hypergroupoid (H, o) is called a semihypergroup if for all
x, ¥,z € H we have (x o y) oz = x o (y° z), which means that

UHOZ: UXOV (2)

U€EXoy VEyoz

We say that a semihypergroup (H, °) is a hypergroup if, for all
x € Hywehave xc H=Hox = H.

Definition 1 (see [8, 21]). A semihyperring is an algebraic
hyperstructure (R, +, -) which satisfies the following axioms:

(i) (R,+) is a commutative semihypergroup
(ii) (R,-) is a semihypergroup

(iii) x- (y+2)=x-y+x-zand (x+ y)- z2=x-2+y-z
forall x, y,z € R

Let (R, +,-) be a semihyperring. If there exists an element
0cRsuchthatx+0=0+x=xandx-0=0-x=0forall
X € R, then 0 is called the zero element of R. Throughout this
paper we consider a semihyperring (R, +, -) with zero element
0.

A semihyperring R is called commutative if (R,-) is a
commutative semihypergroup.

Definition 2 (see [21]).

(i) A nonempty subset A of a semihyperring (R, +,) is
called a subsemihyperring of Rif, forall x, y € A, x +
yCAandx-yCA.

(ii) A nonempty subset I of a semihyperring (R, +,-) is
called a hyperideal of (R, +,-) if, forall x, y € I, € R,
x+yClandr-xClandx-rC1.
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Definition 3 (see [21]). An ordered semihyperring (R, +,-, <) is
a semihyperring equipped with a partial order relation < such
that for all a, b, ¢ € R we have the following.

(i) a < bimplies a + ¢ < b + ¢, meaning that, for any
X € a+ ¢, there exists y € b + ¢ such that x < y.

(ii) a < band 0 < cimply a - ¢ < b - ¢, meaning that, for
any x € a-c, there exists y € b-csuch that x < y. The
case c-a < c- bis defined similarly.

Note that the concept of ordered semihyperring is a general-
ization of the concept of ordered semiring.

Semihyperrings are viewed as ordered semihyperrings
under the equality order relation [21]. Indeed, let (R, +,) be a
semihyperring. Define the order relation on R by <= {(a, b) |
a = b}. Then (R, +,, <) is an ordered semihyperring.

Let A be a nonempty subset of an ordered semihyperring
R. Then the set {x € R | x < aforsomea € A}is
denoted by the notation (A]. For A = {a}, we write (a] instead
of ({a}]. An ordered semihyperring (A, +,-,<) is an ordered
subsemihyperring of (R, +,-,<) if A is a subsemihyperring of
R and the order on A is the restriction of the order on R. Let
(R, +,+) and (S, ®, ©) be semihyperrings. A mapping¢ : R —
S is said to be strong homomorphism if p(x+ y) € @(x) @ ¢(y)
and @(x - y) = ¢(x) © @(y) for all x, y € R. A homomorphism
of ordered semihyperrings ¢ : (R, +,-,<;) — (5,8,0,<,) is
a semihyperring homomorphism such that, for all a,b € R,
a<,b implies p(a)<,¢(b).

Definition 4 (see [21]). Let (R,+,-, <) be an ordered semi-
hyperring. A nonempty subset I of R is called an ordered
hyperideal of R if it satisfies the following conditions:
(i) x+ycIforallx,yel
(ii)r-xCTandx-rCIforallx € ITandr € R

(iii) fx e TandR>r < x,thenr el

It is clear that {0} and R are ordered hyperideals of R.

Example 5. Let R = {0,a,b,c} and let the hyperoperations

« _ »

“@” and “©” on R be defined as follows:

&0 a b c
00 a b C
ala a {0,a,b} {0,a,c}
b|b {0,a,b} {0,b} {0,b,c}
c|c {0,a,¢c} {0,b,c} {0,c}
(3)
©|0a b c
000 O 0
00 O 0
blo0 0 {0a}
c|0 0 {0,a} {0,b}

Then, (R, ®,0) is a semihyperring [35]. It is easy to see that
I = {0,a}, ] = {0,a,b} are hyperideals of R. K = {0,4a,c} is
not a hyperideal of R.
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Definition 6 (see [21]). Let (R, +,+, <) be an ordered semihy-
perring. A nonempty subset A of R is called an ordered bi-
hyperideal of R if it satisfies the following conditions:

(i) Ais a subsemihyperring of R
(i) A-R-ACA
(iii) If x € Aand R > r < x,thenr € A

Definition 7 (see [21]). Let (R, +,+, <) be an ordered semihy-
perring. A nonempty subset Q of R is called an ordered quasi-
hyperideal of R if it satisfies the following conditions:

(i Q+QcQ
(i) (Q-RIN(R-Q] €Q
(iii) f x e Qand R > r < x,thenr € Q

Example 8. Consider the semihyperring defined in Exam-
ple 5. Then (R, ®, ®, <) is an ordered semihyperring where the
order relation < is defined by

<=1{(0,0),(@,a), (b,b),(c.¢),(0,a),(0,b),(0,c)} . (4)
The covering relation is given by
<= {(0,0),(0, b),(O,C)} (5)

Now, it is easy to see that A = {0,b} is an ordered bi-
hyperideal of R but it is not an ordered quasi-hyperideal of
R.

The concept of a fuzzy subset of a nonempty set first was
introduced by Zadeh in 1965 [36]. Let X be a nonempty set.
A fuzzy subset y of X is a function y : X — [0,1]. Let p
and A be two fuzzy subsets of X; we say that y is contained
in A and we write y € A, if u(x) < A(x) for all x € X, and
UNA, uU A are defined by (4 N A)(x) = min{u(x), A(x)} and
(pUA)(x) = max{p(x), A(x)}. Thesets y, = {x € X | t < p(x)}
and ‘uf ={x e X |t < pux)} te[0,1], are called a level
subset and strong level subset of y, respectively.

3. On Fuzzy Ordered Hyperideals in
Ordered Semihyperrings

Notice that the relationships between fuzzy sets and alge-
braic hyperstructures have been already considered by many
researchers [18, 28, 30, 35-38]. Recently, ordered ideals in
semirings and ordered ideals in Krasner hyperrings have been
already considered by Gan and Jiang [39] and Davvaz and
Loeranau-Fotea [30], respectively. So, it is interesting to study
fuzzy ordered hyperideals of ordered semihyperrings.

Definition 9. Let (R, +, -, <) be an ordered semihyperring and
let p be a fuzzy subset of R. u is called a fuzzy ordered
hyperideal of R if the following conditions hold:
(1) min{u(x), u(y)} < infz€x+y{;4(z)} forall x,y € R
(ii) max{p(x), u(y)} < infzex,y{‘u(z)} forall x,y € R
(iii) x < y = u(x) > u(y) forall x, y € R

Example 10. Let R = {0, a,b, c} and the hyperoperations “®”
and “©” on R be defined as follows:

@0 a b c
0/0 a b c
ala a a b
b|{b a {0,b} {0,b,c}
clc a {0,b,c} {0,c}
(6)
ol0 a b ¢
0(0 O 0o 0
al0 a {0,b} O
b|0 0 0 0
c|0 {0,¢} 0O O

Then, (R,®,0) is a semihyperring [21]. Now, the order
relation < on R is defined by

<={(0,0),(a,a),(b,b),(c,c),(0,a),(0,b),(0,¢), (b, a),
(c,a)}.
The covering relation is given by
<={(0,b),(0,¢), (b,a),(c,a)} 8)

Then, (R, ®,0, <) is an ordered semihyperring. Let 4 : R —
[0, 1] be defined by

u(0) =1,

y(a) =0.1,

u(b) =0.2, ©
p(c) =03.

Then, u is a fuzzy ordered hyperideal of R.

Lemma 11. Any hyperideal of an ordered semihyperring
(R, +, -, <) can be realized as a level subset of some ordered fuzzy
hyperideals of R.

Proof. Proof is similar to Lemma 4.2 in [30]. O

Notice that the characteristic function of a nonempty
subset I of an ordered semihyperring R is a fuzzy ordered
hyperideal of R if and only if I is an ordered hyperideal of
R.

Theorem 12. A fuzzy subset y of an ordered semihyperring R
is a fuzzy ordered hyperideal of R if and only if the set y,(+ 0)
is an ordered hyperideal of R for allt € [0, 1].

Proof. Let p be a fuzzy ordered hyperideal of Rand t € [0, 1].
Let x, ¥ € y,. Then p(x) > t, u(y) = t. Now we have

inf {u(2)} 2 min {u (x),pu(y)} 2 t. (10)

zE€x+y



Therefore, for every z € x+ y, we have u(z) > t; thatis, z € y,,
sox+ y < u.Letx € g, and r € R. Then p(x) > t. So

t<p(x) <max{u(x),u(r)} < inf @b

Therefore, for every z € - x, we have u(z) > t; that is, z € y,,
sor-x C y,. Similarly, x - ¥ € p,. Now, let x € g, and y € R
such that y < x. Then pu(x) > t. Since y < x, it follows that
p(y) = p(x) > t. This implies that y € y,. By Definition 4, y,
is an ordered hyperideal of R.

Conversely, let y be a fuzzy subset of an ordered semi-
hyperring R such that 4, (# @) is an ordered hyperideal of R
forall 0 < t < 1. Lett, = min{u(x),u(y)} for x,y € R.
Then obviously x, y € y, . Since every nonempty level set is
an ordered hyperideal, x + y € g, . Thus

min {p ()4 (y)} =to < _inf {u(@)}. (12)
Let t; = max{u(x), u(y)} for x, y € R. Then obviously x, y €
t, - Since every nonempty level set is an ordered hyperideal,
x -y €y, . Then, we obtain p(x - y) > t,. Thus

t; = max {p (x), u(y)} < p(x-y) (13)

for all x, y € R; that is, max{u(x), u(y)} < infzex,y{y(z)}.
Finally, let x, y € R such that x < y. Lett, = u(y); then

Y € fy,. Since g, is an ordered hyperideal of R, x € y, . Thus

p(x) = t, = u(y). This completes the proof. O

Corollary 13. Let u be a fuzzy set with the upper bound t,, of
an ordered semihyperring R. Then the following conditions are
equivalent:

(i) p is a fuzzy ordered hyperideal of R

(ii) Each level subset u,, for t € [0,t,], is an ordered
hyperideal of R

(iii) Each strong level subset y; , for t € [0,t,], is an ordered
hyperideal of R

(iv) Each level subset p,, for t € Im(y), is an ordered
hyperideal of R, where Im(u) denotes the image of u

(v) Each strong level subset y;, for t € Im(u) — {ty}, is an
ordered hyperideal of R

(vi) Each nonempty level subset of u is an ordered hyper-
ideal of R

(vii) Each nonempty strong level subset of u; is an ordered
hyperideal of R

Let ¢ be a mapping from an ordered semihyperring R, to an
ordered semihyperring R,. Let y be a fuzzy subset of R, and let
A be a fuzzy subset of R,. Then the inverse image ¢~ ' (A) of A
is a fuzzy subset of R, defined by 9™ (A)(x) = Mg(x)) for all
x € R,. The image ¢(u) of u is the fuzzy subset of R, defined by

sup {u(x)} ife7t () #0,
@ (u) (y) = {xe0”'® (14)

0 otherwise

forall y € R,.
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Lemma 14. Let R, and R, be two ordered semihyperrings and
let  : R, — R, be a strong homomorphism.

(i) If u is a fuzzy ordered hyperideal of R,, then @(u) is a
fuzzy ordered hyperideal of R,.

(ii) If A is a fuzzy ordered hyperideal of Ry, then ¢~ (A) is
a fuzzy ordered hyperideal of R,.

Proof. 1t is straightforward. O

4. Fuzzy Ordered Bi-Hyperideals and
Fuzzy Ordered Quasi-Hyperideals of
Ordered Semihyperrings

In this section, we define the concepts of fuzzy ordered bi-
hyperideal and fuzzy ordered quasi-hyperideal in ordered
semihyperrings and give relationships between them.

Let (R, +,, <) be an ordered semihyperring and a € R.
We denote

A,={b,c)e RxR|a<b-c} 15)

[30]. For fuzzy subsets y and A of a semihyperring R, we
define the fuzzy subset p o A of R by letting a € R;

(4o2) (@)
sup {min{u(®),A(c)}} ifA,#0, (16)
= { (bojea,
0, otherwise.

We denote the constant function 1 : R — [0, 1] defined by
1(a) = 1 foralla € R [30].

Definition 15. Let(R, +,, <) bean ordered semihyperring and
let p be a fuzzy subset of R. Then, y is called a fuzzy ordered
bi-hyperideal of R if the following conditions hold:

() min{u(x), u(y)} < inf,,,{u(2)} and
min{u(x), u(y)} < infzex,y{‘u(z)} forallx,y € R
(ii) minfu(x), u(z)} < infwex,y,z{y(w)} forall x, y,z € R
(iil) x < y = p(x) > p(y) forall x, y € R
Theorem 16. A fuzzy subset p of an ordered semihyperring R

is a fuzzy ordered bi-hyperideal of R if and only if the set y, (# 0)
is an ordered bi-hyperideal of R for all t € [0, 1].

Proof. The proof is similar to the proof of Theorem 12. [

Definition17. Let (R, +, -, <) be an ordered semihyperring and
let p be a fuzzy subset of R. Then, y is called a fuzzy ordered
quasi-hyperideal of R if the following conditions hold:

(1) min{u(x), u()} < inf ¢y, {u(2)} forall x, y € R
(i) (o 1) N (1o p) € p
(iii) x < y = p(x) > p(y) forall x, y € R

The following theorem can be proved in a similar way in the
proof of Theorem 4.8 of [30].
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Theorem 18. A fuzzy subset y of an ordered semihyperring R
is a fuzzy ordered quasi-hyperideal of R if and only if the set
y,(# 0) is an ordered quasi-hyperideal of R for all t € [0,1].

Lemma 19. Let (R, +,-,<) be an ordered semihyperring and
let x; be the characteristic function of I. Then, we have the
following:

(i) I is an ordered bi-hyperideal of R if and only if y; is a
fuzzy ordered bi-hyperideal of R
(ii) I is an ordered quasi-hyperideal of R if and only if x; is
a fuzzy ordered quasi-hyperideal of R
Proof. 1t is straightforward. O

Theorem 20. Let (R,+,-, <) be an ordered semihyperring.
Then, we have the following:

(i) Every fuzzy ordered hyperideal of R is a fuzzy ordered
quasi-hyperideal of R

(ii) Every fuzzy ordered quasi-hyperideal of R is a fuzzy
ordered bi-hyperideal of R

Proof. (i) Only we show that the condition (ii) of Definition 17
is satisfied.

Let y be a fuzzy ordered hyperideal of R and a € R. We
have

(1o 1) 0 (1 o)) @) = min{(uo1) @, (1) @} . (17)
If A, = 0, then it is easy to see that
min {(4e 1) (@), (1 ) @} € i (a). (1)

If A, # 0, then there exist x, y € R such that a < x - y. Then
there exists z € x- y such that a < z. Since y is a fuzzy ordered
hyperideal of R, we have

w@=zu@ = inf {p@}zmin{ux).u()l )

That is, p(a) > min{u(x), u(y)}. On the other hand,
((ue1)n(Lep)) (@) =min{(uo1)(a),(1ep) (@)}

= min {( sup {min{u(x),1(»)}},

x,y)EA,

sup {min {1 (X)’#(J’)}}} (20)

(x,y)€A,

=min{( sup {u(x)}, sup {M()’)}}

xX,y)EA, (x,y)eA,

= sup {min{p(x),p(y)H < p(a).
(x:y)€A,

That is, the condition (ii) of Definition 17 is satisfied. Thus y
is a fuzzy ordered quasi-hyperideal of R.

(ii) Assume that p is a fuzzy ordered quasi-hyperideal
of R. We show that min{u(x), u(y)} < infzex,y{y(z)} and

min{u(x), u(z)} < inf
z € x - y. We have

{u(w)} for all x,y,z € R. Let

wex-y-z

(uo1)(2) = sup minfu(x),1(y)}=px)
(x.y)€A,
(21)
(Lop)(z) = sup min{l(x),u(y)t=p(y).
(x,)€A,

Since y is a fuzzy ordered quasi-hyperideal, we have
u@ = ((pe1)n(lop)(2)
=min {(u°1)(2),(1°4) (2)} (22)
= min {u (x), 4 ()}
Hencez € x - y;

inf {u(2)} >min{(go1)(2),(10p)(2)}

zZEX-y

(23)
2 min {u (x), pu ()}
Similarly,
inf {u(w)} 2 min{(uo1)w),(1°u) W)}
wexy-z
(24)
> min {p (x), u(2)}.
Therefore y is a fuzzy ordered bi-hyperideal of R. O

The following example shows that the converse of Theo-
rem 20 is not true in general.

Example 21. Consider the ordered semihyperring R which is
given in Example 8. Now, it is easy to see that A = {0,b} is
an ordered bi-hyperideal of R, but it is not an ordered quasi-
hyperideal of R. Let y be a fuzzy subset of R defined by

1 (0) = 0.7,
u() =0.7,
(25)
p(a) =04,
p(c) = 0.4.
We have
R, if t € (0,0.4],
4 = 1{0,b}, ift € (0.4,07], (26)
0, ift €(0.7,1].

Since R and {0, b} are ordered bi-hyperideal of R, then , is
an ordered bi-hyperideal of R for all t € [0, 1]. Hence y is a
fuzzy ordered bi-hyperideal of R by Theorem 16. But it is not
a fuzzy ordered quasi-hyperideal of R.

Definition 22 (see [21]). Anordered semihyperring (R, +, -, <)
is called regular, if, for every a € R, there exists x € R such
thata<a-x-a.



Theorem 23. Let (R, +,, <) be a regular ordered semihyper-
ring and let y be a fuzzy subset of R. Then, y is a fuzzy ordered
quasi-hyperideal of R if and only if u is a fuzzy ordered bi-
hyperideal of R.

Proof. “=” Assume that p is a fuzzy ordered quasi-
hyperideal of R. It is clear that y is a fuzzy ordered bi-
hyperideal of R by Theorem 20 (ii).

“&=” Only we show that the condition (ii) of Definition 17
is satisfied. Let a € R. If A, = 0, then it is easy to see that
(uol)N(lop) Cp.Let A, 0.

(1) If (uo1)(a) < u(a), then we have that p(a) > (uel)(a) >
min{(u o 1)(a), (1 o p(a))}; thatis, (o 1) N (Lo p) C p.

(2) If (u o 1)(a) > u(a), then there exists at least one pair
(z,w) € A, such that

min {y (2),1(w)} = p(z) > pu(a). (27)

Thatis, z,w € R, a < z-w, and p(z) > u(a). In this case we
will prove that (1o u)(a) < p(a). Let (u,v) € A thena <u-v
for some u, v € R. Since R is regular and a € R there exists
x € Rsuchthata <a-x-a.Froma<a-x-a,a < z-w,
asu-vwegeta<z-w-x-u-v. Since yis a fuzzy ordered
bi-hyperideal R, we obtain that

pu@=>p(z-(w-x-u)-v)> inf
: (28)
> min {4 (2), 4 (W)}

If min{u(z), u(v)} = u(z), then p(a) > u(z). This contradicts
with p(z) > p(a). Hence, min{u(z), u(v)} = u(v) and so
pla) = p(v) = min{l(u), u(v)} for all (u,v) € A,. Therefore
ula) = SUP (,)ea, min{1(u), u(v)} = (1 o p)(a). As a result,

(= 1)1 (1 +0) (@ = min (= 1) @, (1« 1) @)
=min{p W), u (W)} =pu) <ua).

29)

Thatis, (uo 1) N (1o u) C p. [l

Now, we have to prove the main characterization theorem
for regular semihyperrings. We denote by Q(x) the ordered
quasi-hyperideal of R generated by x(x € R).

Lemma 24. Let R be an ordered semihyperring. Then the
following conditions are equivalent:

(i) R is regular
(ii) A = (ARA] for every ordered bi-hyperideal A of R
(iii) Q = (QRQ)] for every ordered quasi-hyperideal Q of R

Proof. (i) = (ii) Assume that (i) holds. Let A be any ordered
bi-hyperideal of R and let x be any element of A. Since R is
regular, there exists a € R such that x < x - a - x. Then it is
easy to see that x < x-a-x € (ARA]. Hence A € (ARA]. On
the other hand, since A is an ordered bi-ideal of R, we have
(ARA] € Aand so A = (ARA].(ii)) = (§ii) This proof is
straightforward.

(iii) = (i) Assume that Q = (QRQ] for every ordered
quasi-hyperideal Q of R. Then (Q(x)RQ(x)] = Q(x) < (xRx].
Thus x € (xRx] implies that R is regular. O
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Theorem 25. Let R be an ordered semihyperring. Then, the
following conditions are equivalent:

(i) R is regular
(ii) p € po 1oy for every fuzzy ordered bi-hyperideal y of
R

(iil) pu € o 1 o y for every fuzzy ordered quasi-hyperideal
uofR

Proof. (i) = (ii) Assume that (i) holds. Let y be any fuzzy
ordered bi-hyperideal of Rand a € R. Since R is regular there
exists x € Rsuch thata < a- x-a. Hence (ax,a) € A,.

(Holop)(a)= sup min{(uel)(u),u)}

(u,v)eA,

> min {(go1)(a-x),pu(x)}

asa-x-a

(30)
= min {( sup {min{u(r),1(s),u (a)}}}

7,8)EA L
> min {y(a),u(a)} = p(a)

Therefore yt C pro 1o p.

(i) = (iii) This is straightforward from Theorem 20.

(iii) = (i) Assume that (iii) holds and let Q be any
ordered quasi-hyperideal of R. Then by Lemma 19, yq is a
fuzzy ordered quasi-hyperideal of R. Now o € xq°1° xg =
X(rqy- Therefore Q < (QRQ)]. On the other hand, since Q is
any ordered quasi-hyperideal of R, we have (QRQ] < Q and
s0 Q = (QRQ]. By Lemma 24, R is regular. O

5. Conclusion

In the structural theory of fuzzy algebraic systems, fuzzy ide-
als with special properties always play an important role. In
this paper, we study fuzzy ordered hyperideals, fuzzy ordered
quasi-hyperideals, and fuzzy ordered bi-hyperideals of an
ordered semihyperring. We characterize regular ordered
semihyperrings by the properties of these fuzzy hyperideals.
As a further work, we will also concentrate on characteriza-
tions of different classes of ordered semihyperrings in terms
of fuzzy interior hyperideals.
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