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Abstract
Regression analysis estimates model parameters to describe the relationship between a dependent variable and 
one or more independent variables. While classical regression assumes homogeneity among observations, real-
world data often exhibit heterogeneous structures. In such cases, fuzzy logic–based approaches offer an alter-
native for estimating the unknown parameters of regression models. However, effective results for parameter 
estimation cannot be obtained for ellipsoidal scattering data in these approaches either. In this study, a method 
based on the Gustafson-Kessel (GK) clustering algorithm has been proposed to overcome these disadvan-
tages. Since the proposed method aims to perform parameter estimation especially on ellipsoidal data scatters, 
Davies-Bouldin Index (DBI), one of the clustering validity indices that provide effective results in determining 
the optimal number of clusters, has been adapted using the Mahalanobis distance. GK clustering algorithm was 
applied to obtain the membership degrees that determine the contributions of the observations in the identified 
clusters to the regression model to be constructed. To evaluate the performance of the proposed algorithm, 
applications were conducted on various datasets, and the results obtained were compared with estimates based 
on the Fuzzy C-Means (FCM) and Type-2 FCM clustering methods.

Keywords  Parameter estimation · Clustering validity · Fuzzy clustering · Gustafson Kessel clustering 
algorithm

1  Introduction

Regression analysis is an analysis method that allows model coefficients to be estimated using statistical methods 
in order to mathematically express the relationship between the dependent variable and one or more indepen-
dent variables. In classical regression analysis, it is assumed that the data comes from a single class, that is, a 
homogeneous main mass, while in practice the data obtained often do not meet this assumption; they consist of 
subgroups with different characteristics, multiple structures and heterogeneous distributions. This situation can 
cause bias in the parameter estimates of classical regression analyses and therefore high errors. In such cases, 
the use of alternative methods becomes necessary. Fuzzy clustering-based analysis methods offer effective solu-
tions in cases where the data are not homogeneous, the observations belong to different structures and the class 
boundaries cannot be determined with clear lines. Instead of assuming that each observation belongs to only 
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one cluster, the fuzzy logic approach assumes that each observation can belong to different clusters with certain 
membership degrees. One of the important steps in the process of parameter estimation based on fuzzy logic is 
to determine the clusters in the data set and to obtain the membership degrees of each observation to these clus-
ters. The obtained membership degrees can be used as weights in the regression model to determine the extent 
to which each observation will contribute to the estimation process. Thus, unlike classical methods, instead of 
giving equal weight to all observations, the effect of each observation on the model can be dynamically changed 
according to the structure it belongs to.

Benatti et al., in their work, theoretically examined center-based fuzzy clustering methods and discussed how 
some constraints could be integrated into the clustering process in addition to classical models. They proposed a 
more general constrained fuzzy clustering model by assigning weights to each data point and predetermining the 
total weight of the clusters [1]. In his work, Wu used fuzzy input/output data to obtain alpha level least squares 
estimate from a linear regression model and then generated fuzzy estimates of the regression parameters [2]. Kula 
and Dalkılıç proposed an algorithm for parameter estimation in the case where Type-2 fuzzy sets characterized 
by Gaussian membership function are considered as independent variables [3]. Ahmadini presented his proposed 
Intuitionistic Fuzzy Logistic Regression model on the birth weight dataset by using the Tanaka model [4] in 
estimating uncertain parameters that contain uncertainty [5]. In their study, Chou et al., estimated the parameters 
of the effective variables for Taiwan’s air cargo volume using a fuzzy linear regression model with triangular 
fuzzy numbers, based on the model proposed by Tanaka, assuming that the error terms are caused by uncertain 
parameters [6]. Jung et al., in their work, proposed computational formulas of the likelihood functions for param-
eter estimation based on both triangular and trapezoidal fuzzy data [7]. In their study, Dalkılıç and Sağırkaya 
estimated the parameters using Type-1 and Type-2 FCM algorithms and then compared them according to the 
difference between the estimated values ​​and the observed values [8]. Enke et al. presented a hybrid model com-
bining multiple regression analysis, fuzzy Type-2 clustering and fuzzy Type-2 neural network to predict stock 
market prices [9]. In their work, Zarandi et al. proposed a new Type-2 fuzzy c-regression clustering algorithm for 
the structure identification phase of Takagi–Sugeno systems [10]. Mokhtari et al. presented a novel fuzzy least 
squares estimation method based on extended Euclidean distance to develop regression models in full-interval 
Type-2 fuzzy environments [11]. In his research, Shi proposed an improved clustering algorithm based on the 
Type-2 fuzzy c-regression model for use in fuzzy model identification and demonstrated that this algorithm 
achieved high success in various simulations [12]. For cases in which the data designated for estimating regres-
sion model parameters are aggregated around multiple centroids, several cluster validity indices proposed in the 
literature are employed during the decision-making phase for the optimal number of clusters. DBI is a widely 
preferred index among cluster validity measures and allows the determination of the ideal number of clusters by 
taking into account the similarity between clusters and the dispersion within clusters [13–16].

In this study, DBI was used to determine the optimum number of clusters in the data set. In the proposed 
method, the DBI, which traditionally uses the Euclidean distance in the literature when determining the optimum 
number of clusters, was redesigned using the Mahalanobis distance for ellipsoid-scattered data and the obtained 
DBI value was used. To demonstrate the greater effectiveness of the DBI value calculated using Mahalanobis 
distance in determining the number of clusters, DBI values based on Euclidean distance were also computed. 
The optimal number of clusters was determined by comparing the DBI values ​​based on both distance measures. 
Depending on the number of clusters determined by DBI, the GK clustering algorithm was applied to the data. 
The GK algorithm defines separate covariance matrices for each cluster, allowing clusters to form elliptical, 
unlike classical methods.

An algorithm capable of efficient parameter estimation has been designed, which can be used as an alternative 
to classical regression methods when the dataset is clustered in an ellipsoid scatter around multiple centers. In 
this algorithm, the membership degrees obtained from the GK clustering algorithm are used as weights in the 
estimation process of the unknown parameters of the regression model. This proposed method was tested on four 
different data sets. For each example, regression models were obtained for the clusters formed by operating the 
proposed method, the existing FCM algorithm available in the literature, and the Type-2 FCM method using code 
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written in the MATLAB R2023b. The significance of the models was tested with ANOVA, and the error amounts 
and coefficients of determination for all models were calculated and compared to demonstrate the effectiveness of 
the proposed model. The comparisons revealed that the proposed approach yielded more successful and low-error 
results, especially in heterogeneous data.

The organization of this article is as follows. In Sect. 2, the fuzzy clustering approach and clustering validity 
indexes are included. In Sect. 3, the algorithm proposed in this study is presented. Section 4 is devoted to the 
comparative analysis of the proposed algorithm with the FCM and Type-2 FCM approaches used in the literature 
on four different examples. Results and conclusions are presented in Sect. 5.

2  Fuzzy Clustering Methods

Clustering algorithms are used to create groups by bringing together data points with similar characteristics [17]. 
Additionally, these algorithms function as a data analysis method to identify similar data, leading to more mean-
ingful results [18]. If the membership of the data to existing clusters is uncertain, fuzzy logic-based clustering 
algorithms may be preferred. Fuzzy clustering is one of the most used clustering methods owing to its flexible 
assignments of data to clusters [19, 20]. After the concept of fuzzy set was introduced by Zadeh in 1965 [21], 
explaining the quantification of features with the degree of functions in fuzzy sets, Bellman and Zadeh continued 
their studies on decision making in fuzzy environments [22, 23].

The FCM algorithm, proposed by Dunn [24] and developed by Bezdek [25], has taken its place as a widely 
used fuzzy clustering algorithm in literature. The FCM algorithm utilizes the Euclidean distance measurement 
to separate a p-dimensional dataset into clusters based on a predetermined number of centroids [26–28]. It’s 
important to note that FCM relies on Euclidean distances and is confined to identifying clusters with uniform 
spherical shapes. However, the GK clustering algorithm, as proposed by Gustafson and Kessel, offers an alterna-
tive approach without such limitations [29]. The GK algorithm overcomes the shortcoming of the FCM algo-
rithm by employing the Mahalanobis distance in the objective function while performing distance calculations 
and becomes effective in recognizing ellipsoidal clusters with different shape and orientation [30]. Furthermore, 
as indicated in the study by Abdullah et al., the GK algorithm outperforms Euclidean distance-based methods 
by considering the shape of the data [31]. Miller et al., highlights the superiority of GK clustering over FCM in 
handling various sub-cluster types [32]. Wang et al. demonstrates that the GK algorithm achieves higher classifi-
cation accuracy compared to FCM [33]. Furthermore, Hadiloo et al. suggests that GK clustering surpasses FCM 
in delineating channel patterns [34]. Lastly, according to Ashish et al., all analysis results in their study indicate 
that GK clustering is a sensible choice for generating change detection maps compared to FCM clustering [35].

The GK-based clustering approach is frequently used in solving real-world problems in fields such as finance, 
biology, medicine and image processing. In the work of Peng et al., the GK method was successfully used to 
classify tissue denaturation with features extracted from improved multiscale permutation entropy [36]. Zheng 
et al. used the GK in the Noice Clustering GK algorithm developed to separate spectral data into clusters accord-
ing to different pesticide levels and provided higher accuracy than other methods [37]. In their study, Dalkılıç et 
al. used GK as a pre-selection tool to determine the stocks to be included in the portfolio, allowing the investor 
to choose from more homogeneous and meaningful groups [38]. Markiewicz and Dziekiewicz achieved high 
accuracy by using modified GK to cluster tortuosity and lumen measurements of arterial segments and to clas-
sify patients into appropriate endovascular intervention groups [39]. In their study, Selamat and Ismail used GK 
together with user feedback in their content-based image retrieval system, resulting in better clustering of images 
and thus improving the quality of search results [40]. Podenok and Sadykhov used GK to distinguish terrain types 
in multispectral satellite images more accurately and clearly [41]. The objective function of the GK clustering 
algorithm is as given by;
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J (µ, V, {Ai}) =
C∑

j=1

N∑
i=1

(µij)m D2 (xi, vj) ,
� (1)

where, m denotes the fuzziness index, xi is the ith observation value,  vj  is the center of jth cluster,  D (xi, vj) is 
the Mahalanobis distance between xi andvj . The partition matrix  µ = [µij ]C×N , j = 1, ..., C and

i = 1, ..., N , where µij  is the membership of pattern xi to clusterj.
Step 1 Initial membership degrees µ0 = [µij ] are determined randomly from a uniform distribution in the range 

[0,1].
Step 2 Fuzzy cluster centers are calculated for each cluster as in Eq. (2).

	

vj =
∑N

i=1 (µij)mxi∑N
i=1 (µij)m , j = 1, . . . , C

� (2)

Step 3 The fuzzy covariance matrix (Fj), is calculated for each cluster using Eq. (3).

	

Fj =
∑N

i=1 (µij)m (xi − vj) (xi − vj)T

∑N
i=1 (µij)m , j = 1, . . . , C

� (3)

Step 4 Mahalanobis distances for each data are calculated with Eq. (4).

	
D2 (xi, vj) = (xi − vj)T Aj(xi − vj) i = 1, ..., N, j = 1, . . . , C

� (4)

Here;

	
Aj =

√
det (Fj) ∗ F −1

j , j = 1, . . . , C
� (5)

Step 5 The membership matrix is updated with Eq. (6).

	

µij = 1
∑C

k=1

(
D(xi,vj)
D(xi,vk)

) 2
m−1

, j = 1, . . . , Ci = 1, . . . , N

� (6)

Step 6 Updated membership degrees are compared with previous membership degrees and the process of obtain-
ing optimal membership degrees is stopped when the condition 

∣∣∣∣µt − µt−1∣∣∣∣ < ε  is provided, where ε is the 
termination tolerance.

The primary goal of clustering analysis is to group similar elements together and classify dissimilar elements 
into separate clusters. Because reference class labels are often lacking, evaluating the results of clustering algo-
rithms is a challenging task. To overcome this problem, various validity indices are used to objectively measure 
clustering success. The following section briefly discusses clustering validity indices frequently used in the lit-
erature. In this study, the DBI was chosen, as it provides successful results in determining the ideal number of 
clusters in datasets with an ellipsoidal structure.
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2.1  Clustering Validity Indexes

Determining the optimum number of clusters is an important problem in terms of determining to what extent 
it can serve the purpose of the study after clustering. In order to objectively eliminate this problem, clustering 
validity indices are used to determine the optimum number of clusters. The basic working principles of clustering 
techniques are based on developing a weight matrix (µij) for a given dataset and creating clusters based on these 
weights [42]. Most cluster validity indices detect intra-cluster harmony and inter-cluster separation [43].

Partition Coefficient (PC), first proposed by Bezdek for use in the field of fuzzy clustering, is a relatively easy 
index since only fuzzy membership values ​​are used in the calculation of the clustering validity index. PC index 
measures the mean square value of the cluster membership matrix and its high value means the best clustering 
[27]. PC value is calculated as in Eq. (7).

	

VP C = 1
N

C∑
j=1

N∑
i=1

µ2
ij

� (7)

Partition Entropy (PE) clustering validity index developed by Bezdek [44] measures the homogeneity of clusters. 
A lower entropy value means a better clustering result. As the entropy value increases, it can be said that the data 
contained in the clusters differ from each other. PE value is calculated as in Eq. (8).

	

VP E = 1
N

C∑
j=1

N∑
i=1

µijlogaµij
� (8)

The Fukuyama and Sugeno (FS) clustering validity index, given in Eq. (9) developed by Fukuyama and Sugeno 
for fuzzy clustering algorithms creates more homogeneous and better-defined clusters by considering both distri-
bution and similarity elements [45]. When

	

v =
C∑

j=1

vj

c

then

	

VF S =
C∑

j=1

N∑
i=1

µm
ij ||xi − vj ||2 −

C∑
j=1

N∑
i=1

µm
ij ||vj − v||2

� (9)

The Xie-Beni (XB) clustering validity index given in Eq. (10), proposed by Xie and Beni [46] and developed by 
Pal and Bezdek [47], measures the clustering quality by considering both the internal homogeneity of clusters 
(compactness) and the separation between clusters. A lower XB value indicates more successful clustering [48].

	

VXB = 1
N




∑C
j=1

∑N
i=1 µ

m
ij ||xi − vj ||2

min
j̸=k

||vk − vj ||2


 , k = 1, . . . , C

� (10)

The Silhoulette index, which was developed to determine the proximity of each data point to its own cluster and 
its distance to other clusters, in other words, its suitability, is calculated with Eq. (11).

1 3

5Page 5 of 21     39 



International Journal of Computational Intelligence Systems

https://doi.org/10.1007/s44196-025-01131-9

	

VSilxi
= (b (xi) − a (xi))

max (a (xi) , b (xi))� (11)

Here, a(xi) represents the average distance of the ith data point to other points in its own cluster, that is, the 
within-cluster harmony; b(xi) represents the average distance of the ith data point to the points in the nearest 
neighboring cluster to which it does not belong, that is, the out-of-cluster separation [49, 50].

Dunn Index (DI) is a measure of clustering validity that takes into account the degree of compactness of 
clusters and the degree of separation between clusters. It is a measure that maximizes the separation between 
clusters and minimizes the density within clusters. The implementation of DI is sensitive to noisy/outlier data 
and computationally expensive [51]. Compactness (∆j) for each cluster is calculated by using each pairwise 
distance (d (xi, xl))  with Eq. (12), and the separation value between each pair of clusters (Ck, Cj) is calculated 
by calculating the distance d (vk, vj) between the centers of both clusters with Eq. (13). Using these compactness 
and separation values, the DI value is calculated as in Eq. (14) [52].

	

∆j = max
xi,xlϵCj

d(xi, xl), i, l = 1, . . . Nj

� (12)

	
δkj = d(vk, vj)

� (13)

	

DI =
min

i≤i̸=j<m
δ (Ci, Cj)

max
1≤j≤m

∆j� (14)

2.1.1  Davies Bouldin Index

The DBI, one of the criteria used to evaluate how accurately the clusters resulting from cluster analysis are clus-
tered, was developed by Davies and Bouldin in 1979 [53]. DBI aims to increase the distance between clusters 
while minimizing the intra-cluster variance [15].

Step 1 Centers (vj) are determined for each cluster.
Step 2 For each cluster, the mean of intra-cluster distances (Sj) is calculated.

	

Sj = 1
Nj

Nj∑
i=1

d (xi, xj)
� (15)

Here, Sj  represents the average distance between the data points in the jth cluster, Nj  is the number of observa-
tions in cluster j.

Step 3 The distances between the centers of two clusters are found as djk = d (xj , xk).
Step 4 The DB similarity between two clusters is found.

	

Rjk = Sj + Sk

djk� (16)

Step 5 For each cluster, Rj = max
j ̸=k

Rjk is selected.

Step 6 The DBI is calculated.
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DBI = 1
C

C∑
i=1

Rj
� (17)

Lower DBI value indicates better clustering performance. In this study, the distance measurements in Step 2 
and Step 3 were calculated as the Mahalanobis distance using Eqs. (3–5), since the data sets to be modeled have 
ellipsoidal scattering.

3  An Algorithm for Parameter Estimation Based on Gustafson Kessel Algorithm

Regression analysis aims to estimate the relationship between the dependent variable (Y ) and the independent 
variables and the regression coefficients (β). The most used method to estimate the parameters of the linear 
regression model is the least squares method [54].

	
Y = β0 + β1X1 + β2X2 + · · · + βpXp + ϵ

� (18)

One of the critical assumptions for the application of this method is that the error terms follow a normal distribu-
tion with zero mean and constant variance. This is expressed as ϵ ∼ N(0, σ2).

Ŷ  represents the estimators of the dependent variable Y  and is determined by Eq. (19).

	
Ŷ = XB̂

� (19)

β̂ denotes the estimators of the regression coefficients represented by β, and these coefficients are calculated 
by the Eq. (20):

	
B̂ = (X ′X)−1

X ′Y
� (20)

Although it is assumed that the observations in the data set belong to only one class in classical regression analy-
sis, classical methods may be insufficient in cases where the data has different distributions. In such cases, fuzzy 
analysis methods offer alternative solutions. In fuzzy regression analysis, clusters in the data set are defined and 
the membership degrees affecting the estimation are calculated for the existing data sets with fuzzy clustering-
based parameter estimation.

The DBI, which shows strong performance, was used to determine the optimal number of clusters for the data 
sets. In this study, because the data sets produced for parameter estimation and taken from the literature consist 
of ellipse-shaped data, the DBI used to determine the number of clusters was adapted to use the Mahalanobis 
distance.

To facilitate rapid convergence to the optimal centroid throughout the algorithm’s execution, the initial cen-
troid values for the clusters, whose number is determined based on the DBI, were assigned as the midpoints of 
the value ranges spanned by the data points constituting each cluster. Using the obtained initial center values, 
the initial membership degrees were determined based on the distances of the observations to the cluster centers.

Using the GK clustering algorithm, the steps of parameter estimation can be explained as:
Step 1 The optimal number of clusters for the dataset is determined using the adapted DBI.
Step 2 The membership degree matrix µij  and the stopping criterion ε are determined.
Step 3 Cluster centers based on the fuzziness index m are calculated with Eq. (2).
Step 4 The variance covariance matrix is ​​obtained with Eq. (3).
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Step 5 The distances between each data point and the centers are calculated with Eq. (4).
Step 6 Membership degrees are obtained with Eq. (6).
Step 7 The centers of the clusters are updated with the new membership degrees.
Step 8 The process is stopped when the difference between the membership degrees in step t (µt) and the 

membership degrees in step t − 1 (µt−1)  for the existing clusters is smaller than the specified stopping criterion 
ε. Thus, the best membership degrees and centers are obtained.

Step 9 Based on the membership degrees obtained, data are divided into clusters.
Step 10 Estimation of the parameters of the linear regression model for the clusters is carried out by using the 

membership degrees obtained from GK fuzzy clustering as weights. Weighted independent variables 
(
XWj(GK)

)
 

are obtained by Eq. (21).

	
XWj(GK) = µij(GK)Xi, i = 1, ..., N, j = 1, . . . C.

� (21)

Using XWj(GK), model parameters 
(
β̂j(GK)

)
 are obtained with Eq. (22).

	

β̂j(GK) =
((

XWj(GK)

)′
Xi

)−1 ((
XWj(GK)

)′
Yi

)
, i = 1, ..., Nj , j = 1, . . . C.

� (22)

Table 1  DBI values ​​based on Mahalanobis and Euclidean distances for different cluster numbers for Dataset 1
Methods 2 cluster 3 cluster 4 cluster 5 cluster
DBI (Mahalanobis) 0.2285 1.0000 1.3907 1.3838
DBI (Euclidean) 0.9650 0.8899 1.2088 1.0114

Fig. 1  DBI values for 
Dataset 1 corresponding to 
different numbers of clusters 
(2, 3, 4 and 5)
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The estimated value 
(
Ŷi(GK)

)
  are calculated by Eq. (23).

	
Ŷi(GK) = XWj(GK) β̂j(GK), i = 1, ..., N.

� (23)

Step 11 Error related to the models obtained using GK fuzzy clustering in parameter estimation is calculated with 
Eqs. (24) and (25).

	

εj =
Nj∑
i=1

µij(GK)

(
Yi − Ŷi

)2

Nj� (24)

	

ε =
C∑

j=1
εj

� (25)

Step 12 According to the error criterion given by Eq. (25), the centers, membership degrees corresponding to 
these parameters, which give the smallest error, are determined.

Table 2  Linear regression models, ε, R2 and p values for Dataset 1
Method Cluster n Model ε R2 p

FCM Cluster 1 160 Ŷ1 = 2.1288 − 0.1820X1j
0.5100 0.010 0.214

Cluster 2 140 Ŷ2 = 0.9815 + 0.3533X2j
0.5369 0.027 0.054

εtotal = 1.0469
Type-2 FCM (m1 = 5
 and m2 = 15)

Cluster 1 152 Ŷ1 = −0.5485 + 1.0529X1j
0.3509 0.155 0.000

Cluster 2 148 Ŷ2 = −3.7778 + 1.4889X2j
0.3375 0.371 0.000

εtotal = 0.6884
GK Cluster 1 150 Ŷ1 = −4.5910 + 2.8603X1j

0.0965 0.874 0.000

Cluster 2 150 Ŷ2 = −10.4880 + 3.1217X2j
0.0888 0.915 0.000

εtotal = 0.1852

Fig. 2  Model estimates for clusters obtained with FCM, Type-2 FCM and GK for Dataset 1
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4  Applications

In this section, the weighted regression models constructed using the membership degrees of observations 
obtained through the GK algorithm are compared with those generated using the weights determined by the 
FCM and Type-2 FCM algorithms. In the Type-2 FCM method, coded using MATLAB R2023b, all possible 
combinations of values ​​for the [m1, m2] fuzzification parameter between 2 and 15 were tested, and the model was 
estimated using the [m1, m2] fuzzification parameter that gave the best estimate. The significance of the models 
obtained from the methods was tested using the p-value determined by Analysis of Variance (ANOVA). To evalu-
ate the effectiveness of the proposed method, four different datasets were analyzed, and the models obtained from 
each approach were compared in terms of the total error (ε) and the coefficient of determination (R2). The data 
set used in the first three examples was artificially generated with the code written in the MATLAB R2023b, and 
in the fourth example, a ready-made data set available in the literature was used, and details about the data sets 
were included in each example.

Table 3  DBI values ​​based on Mahalanobis and Euclidean distances for different cluster numbers for Dataset 2
Methods 2 Cluster 3 Cluster 4 Cluster 5 Cluster
DBI (Mahalanobis) 0.8610 0.2484 0.8820 1.2181
DBI (Euclidean) 0.8077 0.9752 0.7902 1.9948

Fig. 3  DBI values for 
Dataset 2 corresponding to 
different numbers of clusters 
(2, 3, 4 and 5)
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Example 1  The data set in the first example was produced as two-dimensional, with 300 observations, Gaussian 
distributed, and consisting of two clusters. This data set consists of two ellipsoid-scattered clusters, one with 150 

and the other with 150 observations, where, mean values ​​and variances are determined as, µ1 = (2.3, 2)T ,

µ2 = (4, 2)T , Σ1 =
(

0.1 0.3
0.3 1

)
 and Σ2 =

(
0.1 0.3
0.3 1

)
. The calculated DBI values ​​for the cases where the 

number of clusters for the generated data set was 2, 3, 4, and 5, and their representations according to the number 
of clusters are given in Fig. 1.

Using both Euclidean and Mahalanobis distance metrics, DBI values ​​were obtained for cluster numbers 
between 2 and 5 and are presented in Table 1. Table 1 shows that the optimal number of clusters is 2 based on the 
DBI value obtained using the Mahalanobis distance, and 3 based on the DBI value using the Euclidean distance. 
However, from the scatter plot in Fig. 1, it can be seen that the number of clusters should be 2. This result was 
obtained using DBI based on Mahalanobis distance. This is because the data exhibit an ellipsoidal scatter.

With the knowledge that the optimum number of clusters for the data in the first example is 2, Fig. 2 shows the 
clustering results using FCM, Type-2 FCM and GK.

Table 4  Linear regression models, ε, R2 and p values for Dataset 2
Method Cluster n Model ε R2 p

FCM Cluster 1 158 Ŷ1 = −4.9109 + 2.9976X1j
0.0640 0.847 0.000

Cluster 2 198 Ŷ2 = 7.1182 − 1.2221X2j
0.1475 0.581 0.000

Cluster 3 244 Ŷ3 = −6.3051 + 1.4763X3j
0.2105 0.601 0.000

εtotal = 0.4220
Type-2 FCM (m1 = 15
 and m2 = 15)

Cluster 1 200 Ŷ1 = −5.0921 + 3.0843X1j
0.0846 0.912 0.000

Cluster 2 182 Ŷ2 = 13.9127 − 2.9766X2j
0.0945 0.843 0.000

Cluster 3 218 Ŷ3 = −10.3769 + 2.2096X3j
0.1919 0.782 0.000

εtotal = 0.3710
GK Cluster 1 200 Ŷ1 = −5.1234 + 3.0984X1j

0.0819 0.915 0.000

Cluster 2 199 Ŷ2 = 14.0092 − 3.0027X2j
0.0894 0.884 0.000

Cluster 3 201 Ŷ3 = −14.3914 + 2.9227X3j
0.1184 0.833 0.000

εtotal = 0.2896

Fig. 4  Model estimates for clusters obtained with FCM, Type-2 FCM and GK for Dataset 2
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Table 5  DBI values ​​based on Mahalanobis and Euclidean distances for different cluster numbers for Dataset 3
Methods 2 Cluster 3 Cluster 4 Cluster 5 Cluster
DBI (Mahalanobis) 0.7441 0.6580 0.5392 0.9444
DBI (Euclidean) 0.5137 0.6541 0.6061 0.6408

Fig. 6  Model estimates for clusters obtained with FCM, Type-2 FCM and GK for Dataset 3

 

Fig. 5  DBI values for Dataset 3 corresponding to different numbers of clusters (2, 3, 4 and 5)
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The estimated models for the clusters obtained from all methods are given in Table 2, together with the obser-
vation numbers (n), error amounts (ε) calculated using Eq. (25), coefficients of determination (R2) and p values 
for Dataset 1.

It is observed from the p value at the significance level of α = 0.05 that the prediction models for all clusters 
obtained from all methods, except the model for the clusters obtained from FCM, are significant. When the coef-
ficients of determination (R2) for all models are examined, it is seen that the highest coefficient of determination 
is achieved by the models obtained from the proposed method based on GK. The total error amount for the esti-
mates obtained from the weighted models, which were created using the degrees of observations belonging to the 
clusters determined by the GK algorithm, was calculated as εGK = 0.1852. The total error amount of the models 
created by using the weights determined by the FCM and Type-2 FCM are.

εF CM = 1.0469 and εT 2F CM = 0.6884, respectively. As a result, the models based on the weights obtained with 
the GK algorithm for this data set provided more effective results in terms of mean square errors.

Example 2  In this example, the dataset was produced as two-dimensional, with 600 observations, Gaussian dis-
tributed, and consisting of three clusters. This dataset consists of 3 ellipsoid-scattered clusters, each containing 

200 observations where, mean values and variances are as follows: µ1 = (0.1, 0.3)T , µ2 = (4, 2)T ,

µ3 = (5.6, 2)T , Σ1 =
(

0.1 0.3
0.3 1

)
, Σ2 =

(
0.1 −0.3

−0.3 1

)
 and Σ3 =

(
0.1 0.3
0.3 1

)
. The calculated DBI values ​​

for the cases where the number of clusters for the generated data set was 2, 3, 4, and 5, and their representations 
according to the number of clusters are given in Fig. 3, and the index values ​​for different cluster numbers are 
given in Table 3.

As seen in Table 3, the number of clusters yielding the smallest DBI value was determined to be 3 when using 
the Mahalanobis distance. In the same table, DBI using the Euclidean distance indicates that the optimal number 
of clusters should be 4. However, the scatter plot in Fig. 3 indicates that the number of clusters should be 3. This 

Table 6  Linear regression models, ε, R2 and p values for Dataset 3
Method Cluster n Model ε R2 p

FCM Cluster 1 204 Ŷ1 = −1.1064 + 1.3297X1j
0.4948 0.322 0.000

Cluster 2 190 Ŷ2 = 4.4326 − 0.0927X2j
0.0600 0.103 0.000

Cluster 3 205 Ŷ3 = 11.2804 − 1.0313X3j
0.0968 0.801 0.000

Cluster 4 201 Ŷ4 = −11.4218 + 1.1172X4j
0.0672 0.892 0.000

εtotal = 0.7188
Type-2 FCM (m1 = 5
 and m2 = 5)

Cluster 1 201 Ŷ1 = −1.0261 + 1.2970X1j
0.6173 0.317 0.000

Cluster 2 192 Ŷ2 = 4.4451 − 0.0953X2j
0.0763 0.115 0.000

Cluster 3 206 Ŷ3 = 11.3750 − 1.0417X3j
0.1405 0.805 0.000

Cluster 4 201 Ŷ4 = −11.3931 + 1.1148X4j
0.0806 0.884 0.000

εtotal = 0.9147
GK Cluster 1 195 Ŷ1 = −1.2094 + 1.3417X1j

0.4281 0.395 0.000

Cluster 2 195 Ŷ2 = 4.4877 − 0.1053X2j
0.0520 0.179 0.000

Cluster 3 205 Ŷ3 = 11.0849 − 1.0083X3j
0.0665 0.883 0.000

Cluster 4 205 Ŷ4 = −11.3717 + 1.1138X4j
0.0657 0.912 0.000

εtotal = 0.6123
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Table 7  DBI values ​​based on Mahalanobis and Euclidean distances for different cluster numbers for Dataset 4
Methods 2 cluster 3 cluster 4 cluster 5 cluster
DBI (Mahalanobis) 0.8860 0.8515 1.0647 0.7828
DBI (Euclidean) 1.0542 1.8181 1.2502 0.9734

Fig. 8  Model estimates for clusters obtained with FCM, Type-2 FCM and GK for Dataset 4

 

Fig. 7  DBI values for Dataset 4 corresponding to different numbers of clusters (2, 3, 4 and 5)
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result was achieved with the DBI using the Mahalanobis distance. This is because the data in this example also 
exhibits an ellipsoidal scatter, as in Example 1.

With the knowledge that the optimum number of clusters for the data in the second example is 3, Fig. 4 shows 
the clustering results using FCM, Type-2 FCM and GK.

Three estimation models for each cluster in all methods are given in Table 4 together with the observation num-
bers (n), error amounts calculated using Eq. (25), coefficients of determination (R2) and p values for Dataset 2.

It is observed from the p value at the significance level of α = 0.05 that the prediction models for all clusters 
obtained from all methods are significant. When the coefficients of determination (R2) for all models are exam-
ined, it is seen that the highest coefficient of determination is achieved by the models obtained from the proposed 
method based on GK.

When the total error amounts were obtained from the weighted models created using the observation degrees 
of the clusters determined by the GK algorithm, εGK = 0.2896 was calculated, and when obtained from the 
models created using the weights determined by the FCM and Type-2 FCM, εF CM = 0.4220, εT 2F CM = 0.3710 
was calculated, respectively. This result also shows that the models based on the weights obtained with the GK 
algorithm for this data set gave more effective results in terms of mean square error.

Example 3  In this example, we consider a two-dimensional data set of 800 observations, Gaussian distributed, 
and consisting of four clusters. This dataset consists of 4 ellipsoid-scattered clusters, each containing 200 obser-
vations where, mean values and variances are as follows: µ1 = (2.3, 2)T , µ2 = (5, 4)T , µ3 = (9, 2)T

, µ4 = (12, 2)T , 

Σ1 =
(

0.2 0.3
0.3 1

)
, Σ2 =

(
1.5 −0.08

−0.08 0.08

)
, Σ3 =

(
0.5 −0.5

−0.5 0.6

)
 and Σ4 =

(
0.7 0.8
0.8 1

)
. The calculated 

DBI values ​​for the cases where the number of clusters for the generated data set was 2, 3, 4, and 5, and their 

Table 8  Linear regression models, ε, R2 and p values for Dataset 4
Method Cluster n Model ε R2 p

FCM Cluster 1 1117 Ŷ1 = 223.9491 + 0.8692X1j
623.6271 0.566 0.000

Cluster 2 1300 Ŷ2 = 60.5745 + 0.6156X2j
1241.7254 0.274 0.000

Cluster 3 1317 Ŷ3 = 111.5176 + 0.0043X3j
1327.1064 0.000 0.872

Cluster 4 1062 Ŷ4 = 156.7268 + 0.6200X4j
874.6976 0.247 0.000

Cluster 5 1399 Ŷ5 = −14.2994 + 0.4942X5j
1075.7332 0.193 0.000

εtotal = 5142.8897
Type-2 FCM (m1 = 14
 and m2 = 15)

Cluster 1 1156 Ŷ1 = 217.5511 + 0.8979X1j
250.4230 0.598 0.000

Cluster 2 1296 Ŷ2 = 77.0433 + 0.5695X2j
458.9357 0.249 0.000

Cluster 3 1311 Ŷ3 = 130.8847 − 0.0811X3j
536.1951 0.006 0.004

Cluster 4 1037 Ŷ4 = 172.0881 + 0.5227X4j
365.1980 0.207 0.000

Cluster 5 1395 Ŷ5 = −34.2501 + 0.5602X5j
429.0923 0.240 0.000

εtotal = 2039.8440
GK Cluster 1 1129 Ŷ1 = 224.4450 + 0.8901X1j

474.4853 0.771 0.000

Cluster 2 1448 Ŷ2 = −65.1914 + 0.9390X2j
365.2005 0.846 0.000

Cluster 3 922 Ŷ3 = −24.8573 + 0.8275X3j
342.4133 0.724 0.000

Cluster 4 1166 Ŷ4 = 86.4920 + 0.09187X4j
444.9551 0.758 0.000

Cluster 5 1530 Ŷ5 = −143.6122 + 0.8227X5j
337.2259 0.869 0.000

εtotal = 1964.2801
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representations according to the number of clusters are given in Fig. 5, and the index values ​​for different cluster 
numbers are given in Table 5.

Table 5 shows that the optimal number of clusters should be 4 with the DBI value using the Mahalanobis dis-
tance, and 2 with the DBI value using the Euclidean distance. However, the scatter plot in Fig. 5 indicates that the 
optimal number of clusters should be 4. This result was achieved with the DBI using the Mahalanobis distance. 
This is because the data, as in the previous examples, exhibits an ellipsoidal scatter.

With the knowledge that the optimum number of clusters for the data in the third example is 4, Fig. 6 shows 
the clustering results using FCM, Type-2 FCM and GK.

Models for all methods are given in Table 6 together with the observation numbers (n), error amounts calcu-
lated using Eq. (25), coefficients of determination (R2) and p values for Dataset 3.

It is observed from the p value at the significance level of α = 0.05 that the prediction models for all clusters 
obtained from all methods are significant. When the coefficients of determination (R2) for all models are exam-
ined, it is seen that the highest coefficient of determination is achieved by the models obtained from the proposed 
method based on GK.

The total error amounts were obtained from both the weighted models created using the observation degrees of 
the clusters determined by the GK algorithm and the models created using the weights determined by the FCM 
and Type-2 FCM, and were calculated as εGK = 0.6123, εF CM = 0.7187, εT 2F CM = 0.9147 respectively. From 
these values, it is seen that the models based on the weights obtained with the GK algorithm give more effective 
results in terms of mean square error.

Example 4  In the fourth example, a lines data set with predetermined clusters that can be accessed from the 
literature (​h​t​t​p​s​:​/​/​w​w​w​.​k​a​g​g​l​e​.​c​o​m​/​d​a​t​a​s​e​t​s​/​j​o​o​n​a​s​y​o​o​n​/​c​l​u​s​t​e​r​i​n​g​-​e​x​e​r​c​i​s​e​s​?​s​e​l​e​c​t​=​l​i​n​e​s​2​.​c​s​v) is considered. 
This 2-dimensional dataset is composed of five clusters, comprising a total of 6195 observations. The number of 
observations in each cluster is 1129, 1466, 882, 1169, and 1549, respectively. The calculated DBI values ​​for the 
cases where the number of clusters for the data set was 2, 3, 4, and 5, and their representations according to the 
number of clusters are given in Fig. 7, and the index values ​​for different cluster numbers are given in Table 7.

Table 7 shows that the smallest DBI value is achieved when the appropriate number of clusters for the data is 
determined as 5 according to both distance measures.

With the knowledge that the optimum number of clusters for the data in the fourth example is 5, Fig. 8 shows 
the clustering results using FCM, Type-2 FCM and GK.

The five models estimated for the clusters obtained from all methods are given in Table 8 together with the 
observation numbers (n) , error amounts calculated using Eq. (25), coefficients of determination (R2) and p values 
for Dataset 4.

It is observed from the p value at the significance level of α = 0.05 that the prediction models for all clusters 
obtained from all methods, except the model for the 3rd cluster obtained from FCM, are significant. When the 
coefficients of determination (R2) for all models are examined, it is seen that the highest coefficient of determina-
tion is achieved by the models obtained from the proposed method based on GK.

Total error amounts were obtained from both the weighted models created using the observation degrees of 
the clusters determined by the GK and the models created using the weights determined by the FCM and Type-2 
FCM. These values ​​obtained as εGK = 1964.2801, εF CM = 5142.8897 and εT 2F CM = 2039.8440 show that the 
models based on the weights obtained by the GK algorithm give more effective results in terms of mean square 
error.
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Table 9  Models obtained from the methods, coefficients of determination, and total error amounts
Examples Models R2 Total error amounts
Example 1 (2 cluster) Ŷ1(F CM) = 2.1288 − 0.1820X1j

0.010 ε(F CM) = 1.0469

Ŷ2(F CM) = 0.9815 + 0.3533X2j
0.027

Ŷ1(T 2F CM) = −0.5485 + 1.0529X1j
0.155 ε(T 2F CM) = 0.6884

Ŷ2(T 2F CM) = −3.7778 + 1.4889X2j
0.371

Ŷ1(GK) = −4.5910 + 2.8603X1j
0.874 ε(GK) = 0.1852

Ŷ2(GK) = −10.4880 + 3.1217X2j
0.915

Example 2 (3 cluster) Ŷ1(F CM) = −4.9109 + 2.9976X1j
0.847 ε(F CM) = 0.4220

Ŷ2(F CM) = 7.1182 − 1.2221X2j
0.581

Ŷ3(F CM) = −6.3051 + 1.4763X3j
0.601

Ŷ1(T 2F CM) = −5.0921 + 3.0843X1j
0.912 ε(T 2F CM) = 0.3710

Ŷ2(T 2F CM) = 13.9127 − 2.9766X2j
0.843

Ŷ3(T 2F CM) = −10.3769 + 2.2096X3j
0.782

Ŷ1(GK) = −5.1234 + 3.0984X1j
0.915 ε(GK) = 0.2896

Ŷ2(GK) = 14.0092 − 3.0027X2j
0.884

Ŷ3(GK) = −14.3914 + 2.9227X3j
0.833

Example 3 (4 cluster) Ŷ1(F CM) = −1.1064 + 1.3297X1j
0.322 ε(F CM) = 0.7188

Ŷ2(F CM) = 4.4326 − 0.0927X2j
0.103

Ŷ3(F CM) = 11.2804 − 1.0313X3j
0.801

Ŷ4(F CM) = −11.4218 + 1.1172X4j
0.892

Ŷ1(T 2F CM) = −1.0261 + 1.2970X1j
0.317 ε(T 2F CM) = 0.9147

Ŷ2(T 2F CM) = 4.4451 − 0.0953X2j
0.115

Ŷ3(T 2F CM) = 11.3750 − 1.0417X3j
0.805

Ŷ4(T 2F CM) = −11.3931 + 1.1148X4j
0.884

Ŷ1(GK) = −1.2094 + 1.3417X1j
0.395 ε(GK) = 0.6123

Ŷ2(GK) = 4.4877 − 0.1053X2j
0.179

Ŷ3(GK) = 11.0849 − 1.0083X3j
0.883

Ŷ4(GK) = −11.3717 + 1.1138X4j
0.912

Example 4 (5 cluster) Ŷ1(F CM) = 223.9491 + 0.8692X1j
0.566 ε(F CM) = 5142.8897

Ŷ2(F CM) = 60.5745 + 0.6156X2j
0.274

Ŷ3(F CM) = 111.5176 + 0.0043X3j
0.000

Ŷ4(F CM) = 156.7268 + 0.6200X4j
0.247

Ŷ5(F CM) = −14.2994 + 0.4942X5j
0.193

Ŷ1(T 2F CM) = 217.5511 + 0.8979X1j
0.598 ε(T 2F CM) = 2039.8440

Ŷ2(T 2F CM) = 77.0433 + 0.5695X2j
0.249

Ŷ3(T 2F CM) = 130.8847 − 0.0811X3j
0.006

Ŷ4(T 2F CM) = 172.0881 + 0.5227X4j
0.207

Ŷ5(T 2F CM) = −34.2501 + 0.5602X5j
0.240

Ŷ1(GK) = 224.4450 + 0.8901X1j
0.771 ε(GK) = 1964.2801

Ŷ2(GK) = −65.1914 + 0.9390X2j
0.846

Ŷ3(GK) = 24.8573 + 0.8275X3j
0.724

Ŷ4(GK) = 86.4920 + 0.09187X4j
0.758

Ŷ5(GK) = −143.6122 + 0.8227X5j
0.869
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5  Conclusion and Results

Since the primary objective of this study is parameter estimation, model predictions on ellipsoidal-scattered data 
sets were obtained using methods based on Mahalanobis distance, which yields more effective results for such 
data distributions. In the case of ellipsoidal scattering of data, the proposed algorithm was run on various data-
sets to determine the regression model with higher coefficients of determination and lower error by estimating 
unknown parameters.

Considering cases where the data structure is ellipsoid, the DBI used to determine the optimal number of 
clusters has been adapted to use the Mahalanobis distance instead of the Euclidean distance. After the optimum 
number of clusters was determined, the clustering process was carried out using FCM, Type-2 FCM and GK 
clustering methods, and the degree of membership of each observation in the clusters was calculated. These 
membership degrees were determined as the weights to be used in the model and the unknown parameters related 
to the regression models were predicted by using the weights obtained with FCM, Type-2 FCM and GK on four 
different examples. The error amounts of the created models and the coefficients of determination of the models 
were calculated. Detailed results obtained by solving the examples considered are summarized in Table 9.

As seen in Table 9, for each example, the total error amounts of the models constructed with weights obtained 
from the GK clustering were lower than the total error amounts of the models constructed with weights obtained 
from the FCM and Type-2 FCM. Furthermore, when the coefficients of determination of the models are exam-
ined, it is observed that the validity of the models obtained from the proposed GK-based algorithm is higher 
than that of the other methods. This clearly shows that the use of weights obtained with clustering based on the 
proposed GK based algorithm provides more effective estimation models in estimating linear regression models 
for data sets with ellipsoidal scattering.

In the proposed method, the data contributions to the model during the parameter estimation phase are deter-
mined through weighting, unlike classical regression. The weights used are membership degrees obtained from 
the Mahalanobis distance-based GK clustering method. Because the proposed method relies on weighting in 
the parameter estimation process, it can be included in the class of existing robust regression methods. In this 
context, determining the data contributions to the model through membership degrees is anticipated to minimize 
the negative effects of possible outliers in the data set, enabling efficient parameter estimations even in data sets 
with outliers. In addition, as in the Type-2 FCM used for comparison in the application part of the study, a new 
parameter estimation method based on Type-2 fuzzy logic can be developed by defining the fuzzification index 
m in the GK algorithm proposed in this study as an interval fuzzy number format [m1, m2]. Another aspect of the 
problem that could be addressed in the future is the high number of dimensions.
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